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1. INTRODUCTION AND MAIN RESULTS

Let Q be an open subset of R4, d > 2. Consider the Laplace operator —Ag on € subject
to Dirichlet boundary conditions defined in the form sense on the form domain H{(2). If the
embedding H}(Q) — L%*(Q) is compact, e.g. if the volume of (2 is finite, the spectrum of —Agq
is discrete and consists of a monotone sequence of positive eigenvalues 0 < A\ < Ao < A3 < ...
accumulating at infinity. We count these eigenvalues according to their multiplicity.

The main goal of this paper is to derive some new universal upper bounds for the trace of the

heat kernel
Z(t) = Tr (6+A9t) = Ze*)""t
k

which are valid for arbitrary open sets Q C R? with finite volume |Q| and for all ¢ > 0. The first
and most fundamental bound of this type is due to M. Kac, [Kac51]. He proved that for any open
domain Q C R? and all ¢ > 0 the estimate

1€
(47775)g
holds true. This bound is sharp in the sense that it reflects the leading term of the short time
asymptotics of the function Z(t), see [Min54, Kac66]

0
(4mt)

Several improvements of (1) are known, e.g. see [vdB84b, FLV95, Dav85, Dav89, Sim83, vdB84a|
and further references therein. For example, M. van den Berg proved in [vdB87], that if Q is a
connected region with a smooth boundary 92 and a surface area |0€2|, then

€] 09 d* 19|
d d—1 < T d 4 )

(4mt)z 4 (4mt) = w2tz L R?
where the constant R depends on properties of 2. This estimate contains even the second term
of the short time asymptotic expansion of Z(t), see [MS67, Smi81, BC86] and [Bro93]. Most of
these results are based on a probabilistic approach and implement local estimates for the heat
kernel. Therefore one has to impose appropriate conditions on €2 and on its boundary 0.

We use a different approach based on some refined spectral estimates for the Riesz means

Ry(A) = Tr(-Aq—A)7 =) (A-X)T, A>0.

k

(1) Z(t) <

(2) Z(t) = as t—0+.

wla

Z(t) -

t>0,

For these objects the fundamental bounds are given by the Berezin-Li-Yau inequalities
3) Ry(A) < LY, QA5 021, A>0,

where
I'(o+1)
(4m)T (o + 4 +1)
This result is sharp as well in the sense that the bound captures the first term of the high energy
asymptotics

cl
Lo’,d -

Rs(A) = Li{d|Q|AU+% +0(AU+%) as A — +oo.

Via Laplace transformation - and reversely via Tauberian theorems - this asymptotic formula is
closely connected with (2). On the level of uniform inequalities one can deduce Kac’ inequality
on Z(t) from Berezin-Li-Yau bounds. Reversely, to recover sharp Berezin-Li-Yau bounds from
Kac’ inequality one needs some additional information. For example, in [HHO7] Harrell and Hermi
formally deduced Berezin-Li-Yau bounds for ¢ > 2 from Kac’ inequality based on a monotonicity
result by Harrell and Stubbe.! Similar arguments fail for o < 2.

LOne should mention, that in fact, due to Weyl’s asymptotic law, the monotonicity result implies sharp Berezin-
Li-Yau bounds for o > 2 on its own.



While both (3) and (1) are sharp in the sense that they capture the main asymptotic behaviour
and therefore constants in these inequalities cannot be improved, one can expect that more subtle
bounds might invoke additional lower order correction terms. Indeed, we know that under certain
conditions on the geometry of €2 the asymptotics

! 1 I I
Ro(A) = L 0] A — 2 L,y [00] ATHS" 40 (A47745)

holds true as A — oo, see [Ivr98]. Recently there have been several results on semciclassical

inequalities improving (3) with negative correction terms of lower order, reflecting the effect of the

second term of the asymptotics, see [Mel03, Wei08, KVWO08], and [FLUOQ2] for discrete operators.
Let us first point out a result of Melas. In [Mel03] he effectively showed that?

144
4) Ry(A) < L§419) (A — Ma I%))
4

holds for A > 0. Again applying Laplace transformation Harrell and Hermi deduced an improve-
ment of Kac’ inequality [HHOT]

it i

where I(€2) = mingega [, |z — al*dz and M, is a constant depending only on the dimension.
This improvement holds true for all £ > 0 and any open set 2 with finite volume - without any
conditions on the boundary 92. These authors conjecture also that (5) can be improved to

1€ t
6 Z exp | ——
) 0% Gt > ()

for all ¢ > 0 and all open sets € of finite volume. Asymptotic considerations show that this
conjecture is plausible for small ¢ as well as for large t. However, one should mention, that neither
the correction term in (4) is of the expected order for high energies, nor is the improvement (5)
or even the conjecture (6) of correct order for small ¢ > 0.

To derive universal bounds on Z(t) like (6) depending only on the volume of  and not including
any further geometrical information one can employ an isoperimetric result due to Luttinger
[Lut73]. He shows that Steiner-symmetrization of an open set 2 increases the trace of the heat
kernel in this set. Thus for any open set Q C R? with finite volume the inequality

(7) Z(t) < Z7(t)

holds true for all ¢ > 0, where Z*(¢) denotes the trace of the heat kernel in the ball B C R? with
the same volume as €.

Here we prove a refined universal bound on Z(t) reflecting the correct asymptotic properties.
To this end we shall follow the approach in [Wei08]. There a Berezin-Li-Yau type bound on R, for
o > 3/2 with a correction term of the expected order has been found, see inequality (18) below.
Using the same method we prove a refined Berezin-Li-Yau inequality, see Proposition 5, that gives
rise to an improved bound on Z(t) applicable to any open set Q with finite volume. This bound
decays exponentially as t tends to infinity and contains a negative correction term of correct order
as t tends to zero.

Moreover, we can consider unbounded domains Q C R? with infinite volume. While the results
of Kac and Luttinger must fail for such domains, we show that under appropriate conditions on
Q our refined inequalities can still be applied and give order-sharp upper bounds.

This paper is structured as follows: In section 2 we state the main results. Then in section
3 we provide some auxiliary notation and auxiliary results including improved Berezin-Li-Yau
inequalities. In section 4 we prove Theorem 1 and compare this result to other bounds on Z(¢). In
section 5 we discuss some applications to unbounded domains and domains with infinite volume.
Finally, in section 6 we apply a method by M. Aizenmann and E. H. Lieb [AL78] to the results
from section 3 in order to prove refined bounds on the eigenvalue means Ry (A).

2This inequality is in fact the Legendre transform of Melas’ result.
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We thank Rupert L. Frank for helpful discussions and in particular for indicating the result of
J. M. Luttinger.

2. MAIN RESULTS

To state the main result we have to introduce some auxiliary notation. Let I'(z) be the usual
Gamma-function and by

~ 52
F(Z,Sl,sg):/ s le™%ds /T(2)

S1

we denote normed incomplete Gamma-functions. If s; = 0 we write I'(z,s) = I'(2,0,s) and
I(z,8) =1—-T(z,8) =I(z,s,+0). Note that for a > 0 we have
. e
(8) I'(a,t) = T(a) +0 (taJrl) as t— 04 and
R a—1
9) I'(a,t) = (a) exp(—t) + O (t* *exp(—t)) as t— ooc.

Furthermore, let B(a, 3) be the usual Beta-function. By
~ 52
B(s1, 82,0, ) = / 5711 — 5)°~Yds/B(a, p)
s1

we denote normed incomplete Beta-functions and for s; = 0 we write in short B(s,a,ﬂ) =
B(0,s,a,3) and B(s,a,8) =1— B(s,a,8) = B(s,1,«, ). Note that for o, 8 > 0 we have

1
(10) B(0,t,a, 3) = Et“ +O0 () as t—0+.

Next we remark that in view of the isoperimetric inequality by Rayleigh, Faber and Krahn [Fab23,
Kra25] on the ground state A; we can always choose

)
B T Jd_11
= <A
I (% N 1)2/(1 |Q2/d
as a lower bound on A;, where ji 1 denotes the first zero of the Bessel-function Jj.
For r € R put (r); = max{r,0} and for d € N let

>

(11)

5/2 if d=2
(12) oa =14 2 if d=3
3/2 if d>4

Finally, let Q@ C R? be an arbitrary open set with finite volume |(2].
Theorem 1. Let A € [\, \1]. For any t > 0 the bound

Q - d
holds true with a remainder term
QT . d+1 QT . d—1
R(t)=ciq Lﬁf (Ud + —,)\t) —C2,d Lﬁf <Ud + —,)\t) ,
(47t) = 2 (47t) 2 2
where
d—1
B (L A1y (d 1) T
C1,d = 2.9+ 5 ) (2_;+1) and
2 (%)
d—3
0B (et TS
’ 96(204 +d — 1) I‘(%)
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Remark. Because of (8) Theorem 1 can then be read as
2 2%

" 20 G T T

—r(t)
with an explicit remainder term r(¢) = O(t_%) as t — 0+. We note that the bound captures
the main asymptotic behaviour of Z(t) as t tends to zero: The first term equals the leading term
of the short time asymptotics of Z(¢) and the second term shows the correct order in ¢ compared
with the second term of the asymptotic expansion.

Moreover, note that in view of (9) the bound from Theorem 1 decays exponentially as ¢t tends
to infinity. More precisely, it follows that the bound is of order O(t7¢*! exp(—At)) as t — oo.

Remark. If we choose A = X introduced in (11) we arrive at a universal upper bound on Z(t)
depending only on || and not including any explicit information on A;. For the explicit statement
see Corollary 9 in section 4. This result implies the conjectured inequality (6) for dimensions
d < 633.

As stated above, our proof of Theorem 1 relies on improved bounds for Riesz means of eigen-

values. Let us state the corresponding result.
Theorem 2. Let )\ € [;\, M) and 0 > 04 and put Tq = \ijld; Then the estimate
d

S(A L d .
R,(A) < L4 |0/ B <K,ad—|— 3 —l—l,o—od) ATFE — (S(A )+

holds true for all A > X\, where

d—1 a1 B l, a1y 1
1) s = 1d, o s Bl L ) 5 (Frout St -a)
Zf A > TQ ’
(15) S(AN) = L8, |0 AT+ éB <%,0d+g+1,o—ad>

if A<7Tq and A < 7q, or

. . B 17 d+1y 1
S(A,,\):L;{d71|g|%m+%w3 (T_ﬂ,adﬂi’g_ad)

2 A 2
1 ~ /A d
(16) +Lsidmm”%EB(K,%”,JHTLU—%),

if A <Tq and A > 1q.

Remark. Again we can choose A as in (11) and we arrive at a universal bound depending only on

2.
Remark. In view of (10) Theorem 2 can be read as

1 1 d+1
Ro(A) < L4101 A7 % — S B (2 00+ S
’ 2 2
with an explicit remainder term s(A) = O (A™!) as A — oo.

3. NOTATION AND AUXILIARY RESULTS

Fix a Cartesian coordinate system in R? and write z = (2/,24) € R?"! x R for € R?. For a
given A > 0 define
A = WA_%.
Now consider an open set  C R? Each section Q(z') = {zg € R : (2/,24) € Q} is a
one-dimensional open set and consists of at most countably many open disjoint intervals Ji(z'),
kE=1,...,N(z') < co. Let s(2/,A) C N be the subset of all those indices k, for which the
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corresponding interval Ji(z') is strictly longer than [4. The number these indices is denoted by
x(@',A). Put

@)= |J @) and Q= [J {2/} x(@).

ker(z’,A) z/€Rd-1
Obviously the set 4 is the subset of £, where Q) is "wide enough” in z4-direction. The quantity

dr(Q) = /RH (@, A da’

is an effective area of the projection of Q4 onto the d — 1-dimensional hyperplane (z’,0) counting
also the multiplicities of the sufficiently long intervals Ji(z').
Moreover, for p > 2 put

(17) e(n) = inf /OA (1—3—2)1&—2(1—@—2)1 > 0.
E>1
We are now in the position to state the improved Berezin-Li-Yau bound from [Wei08]:
Proposition 3. For any open domain Q C R?, o > 3/2 and all A > 0 the bound
(18) Ro(A) < Lila 10a] A% — ¢ (0 4+ 451) Ly 1da(@) AT
holds true.

Let us state also the following result on the explicit values of (u). Its proof is elementary but
still rather technical and it will be given in the appendix.

Lemma 4. For alln € N with n > 6, we have

n 1 1n
My 22,24,
c (2) 2 (2’ 5 " )
In fact, we shall need a modified version of Proposition 3.
Let pq(z';Q2) = |Q2(2")|; be the one-dimensional Lebesgue measure of Q(z'), that is the aggre-

gated length of all intervals forming Q(z’). Since Q is open, the function pgy(z’; Q) is Lebesgue
measurable, and we can define the distribution function 3

ma(7; Q) = {a' : pa(a’;Q) > 7},_,, 7>0.

It is non-negative, non-increasing, continuous from the right and it satisfies the identity

(19) /000 mq(T; Q) dr = |Q].

We interchange now the roles of x4 and x; for i = 1,...,d — 1 and introduce in the same way
the distribution functions m;(-; Q) for 2 measured along the z;-axes. Finally, put

Y
Mi(y;9)=/ mi(m;Q)dr for i=1,....d.
0

With this notation we can formulate a result similar to (18):

Proposition 5. For any open domain Q C R?, o > 3/2 and all A > 0

Ve

N

Y VA
holds true fori=1,...,d with 054 =7LE; —e (0 + d-1) Ly .

Remark. Note that in the case of ¢ (U + %) = %B (a + %, %) we have d, ¢ = 0. In view of
Lemma 4 this occurs, in particular, if ¢ = o4 with o4 introduced in (12).

3Here | - |g—1 stands for the Lebesgue measure in the dimension d — 1.
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Remark. For domians Q with finite volume (19) yields

/j mi(r; Q)dr = |9 — M, (% Q) .

VA
Thus we arrive at

Rs(A) < Lf;l,d <|Q| - M; (%,Q)) ATE + 8.0 m; (LQ) AT

for i =1,...,d. Averaging over all directions one claims
20 Ry,(A) < LY <Q —M(i;9>)A”+g+5a m<i;9) AT
(20) (A) < Lga (19 7 am| o3
where
1
m(tQ) = D) + -+ ma(tQ)
1 Yy
M(y; Q) = 5 (Ma(y Q) + -+ Ma(y; Q) =/ m(t; Q)dt .
0

Although Proposition 5 is, in general, not as sharp as (18), we cannot deduce it directly quoting
Proposition 3, but we have to modify the respective proof from [Wei08], which relies on operator-
valued Lieb-Thirring inequalities from [LWO0O].

Proof of Proposition 5. Consider the quadratic form
2
IVuleoy — Alluliay = 196l + [ ds’ [ (1000 = Aul?) da
Rd-1 Q(z’)

on functions u from the form core C§°(€2). Here V' and A’ denote the gradient and the Laplace
operator in the first d — 1 directions. The functions u(z’, -) satisfy Dirichlet boundary conditions
at the endpoints of each interval Ji(z') forming Q(z"). Let the bounded, non-negative operators
Wi (2', A) be the negative parts® of the Sturm-Liouville Operators —82(1’],6(96,) — A with Dirichlet

boundary conditions on Ji(z'). Then

W(',A) = o Wi (2!, A)
is the negative part of
2 _ aN@E) 2
—0,,.00) — N =8 (_amd,Jk(m’) - A)

subject to Dirichlet boundary conditions on the endpoints of the intervals Ji(z'), k = 1,..., N(z'),
that is on 9Q(2’). Then

/g( ) (|8“u|2 - A|“|2> drg > =(Wu(2',-), (@', ) L2 ("))
and consequently
2
(21) HVUHQL%Q) —A HUHiz(Q) > HV/UHL2(Q) — /}Rd-1 dz' (Wu(x', ), u(@, ) L2 (g))-

Now we can extend this quadratic form by zero to C5° (R?\ d9), which is a form core for
(—Ara\g) & (—Aq —A). This operator corresponds to the left hand side of (21), while the
semi-bounded form on the right hand side is closed on the larger domain H* (Rd’l, LZ(R)), where
it corresponds to the operator

(22) ~A'@I-W(',A) on L* (R L2(R)) .
Due to the positivity of —Aga\q the variational principle implies that for any o > 0
Tr(—Aq—A)7 = Tr((—Agpag) ® (—Ag —A))7

< Tr(-A'@I-W(2',A)7.

4The negative part of a real number r is given by r_ = (|r| —r)/2 > 0. For operators we use the same convention
in the spectral sense.



11

We can now apply a sharp Lieb-Thirring inequality to the Schrodinger operator (22) with the
operator-valued potential —W (a’, A), see [LWO0O], and claim that
Tr(-A'®@I-W(' A)? < LY, 1/ TrWet e (2, A) da’ > g
Rd—1

Now let pg(z') = >4 [Jk(2")]1 be the total length of all intervals Jy(z"). Then shifting these
intervals and dropping intermediate Dirichlet conditions by a variational argument we see that
the j-th eigenvalue of —aid’ Q@) — A is not smaller than the j-th eigenvalue of —9? D L(2) — A on
the interval L(a’) = [0, p4(z")] subject to Dirichlet conditions at the endpoint of thlb one interval
only. Thus,

TrWot e (o, A) < T Wor % (2, A),
where W (z/,A) is the negative part of —8§d7L(m,) — A. The nonzero eigenvalues of W(z', A) are
given explicitly by

2:2 2 22 /
uj:A—W‘] :A(l— ZQAJ/> for j:l,...,[pd(x)}.

i) Pale’) Ia

From this we conclude that
l2 2\ ot+i
g < ) dz’.

+

Tr(—~Aq —A)7 < ATF L, 1/

Ri-1

Note that the right hand side of this bound vanishes if pd(x ) < Ip. For pg(x') > Ix we have in

view of (17)
135 o+ pa(z’) d+1 1 d—1
1- < B L a—-
> (-gm), =) ()

7j>1 +

and therefore

1 d+1 1
Tr(-Aa =A< o D ( * L _> AU+2L§l,d—1/ pa(z’) dz’
z':pa(z’)>Ia
(23) ( ) A [ @
z':pg(z’)>la
Note that
/ = My (lA; Q)
>lA
and

o0

/ ) pd(x')dx' = md(lA;Q)lA—i— md(T;Q)dT
z:pg(x’)>Ia

Ia

1 d+1 1
%B (U + —5 5) Lgl,dq = Lfrl,da

we insert the identities above into (23) and arrive at

Moreover, using

Ry(A) = Tr(~A—A)7 < L, A°FE (md(lA;Q)lA—i— md(T;Q)dT)

Ia

d—1 _
o <0 * T) Ly ma (Ias Q) AT

In view of [y = mA~1/2 this yields

l\DIOJ

RU(A) < Lgl,d/ md(T; Q)dT AUJr% + 5g’d mq (ZA; Q) AUJF%7 o>

Interchanging the roles of x4 and x; we find the respective inequalities for any direction i =
1,...,d. O
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In order to derive universal bounds on R, independent from M, in particular to prove Theorem
2, one needs bounds on M(y). Identity (19) immediately implies

(24) /mTQdT</ m(T;Q)dr =1Q] forall 0<y<oo.

To prove a lower bound we first need an auxiliary result concerning rearrangements of 2. For
Q Cc R?, d > 2, fix a Cartesian coordinate system (z',z4) € R9™! x R. Again put

pa(a’s Q) = {za : (', za) € A}y = [Q2")];
and for 7 > 0
Q* (1) = {2’ : pa(2’;Q) > 7} C RIL
This is a non-increasing set function, that means Q*(71) D Q*(r2) for 0 < 71 < 7». Let
(25) O = Upso Q*(7) x {7} C R?
be a non-increasing rearrangement of 2 in the direction of the x4-coordinate. Then we have

Lemma 6. Foralli=1,...,d and ally >0
M;(y;€2) > M;(y; ).

Proof. First note that in the case i = d we have by construction py(z’;Q) = pa(2’;Q*) and
consequently
ma(7;§2) = ma(7; §0°) = [Q(7)[4_y
what implies My(y; Q) = My(y; Q*).
Assume now that j =1,...,d— 1. Put

" d—2
r = (.231,...,xj_1,$j+1,...,a?d_1) eR

and
pi(@",2a; Q) = {a; : (', 2a) € QY -
By definition

() = (&) syl 205 ) > Yy = [ og(a” i) de”
o

where
1

(@, 59) = Hza i (" 26 Q) > s¥y , G=1,..,d—1.

/mjsﬂds—/ /mj ,8;Q) dsdz”.
RdA—2

Applying the same notation to 2* yields

/mst ds—/ /mj , 8, Q%) dsdx”.
Rd—2

If we can show that for 2" € R4~2 and all y > 0 the inequality

Y Y
(26) / (2", s;Q)ds > / (2", s;2%)ds
0 0

holds true, the assertion is proven.
To establish (26) we consider for fixed 2"/ € R%~2 the two-dimensional sets

Q= {(zj,2q) : (2/,24) € Q} and O = {(zj,2q) : (2',2q) € X} .

Hence,

Note that

pa(a’;Q) = [{za : (2',2a) € U, = {24 : (x),24) € Q} =: pa(;; Q).
As above we get

(27) Pa(zj;Q) = palz;; Q7).
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In the jth direction we have

pi(@" xa; Q) = [{z; : (2, 2q) € Q}|, = ij :(xj,zq) € Q}‘l =: p;(za; Q)

and

mj(a”, Q) = {zq : pj(a”, 24;Q) > s}, = de : (g, Q) > s}’l =:1;(s; Q).
The corresponding notions we use also with respect to the domains Q* and Q*. In contrast to
the preservation of length in the dth direction the values of p;(xq;2) and p;(zq4; 2*) (and thus of
1;(s; Q) and 7m;(s; Q%)) do not coincide in general.
Lets examine the functions p;(x4; 2*) and m;(s; 2*) in more detail. By construction of Q*, the
set function O (zq4) = {x; : (z;,24) € Q} is non-increasing in x4 > 0 and by definition
Dj (33(1, ) ’Q T4 ’

Moreover, 7i(s; ) is the distribution function of f;(x4; Q*). Hence,

y A A A
[ @ds= [ @) dua ety |{sabiea @) 2 |
0 {za:p; (za:0*) <y} 1

The monotonicity of the set function Q*(xd) implies, that we can choose I, C R with total length
y satisfying I, C Q*(md), wherever ﬁj(xd;fl*) > y. Again, by the monotonicity of Q* (zq) the
reverse inclusion Q*(z4) C I, holds for all x4 > 0 with p;(zq; 2*) < y. Put

QZ = U (Q*(md) ﬁIy) x {xq} and Q, = U (Q(md) ﬁIy) x {zq} .

xq>0 xq>0

From the above representation for fé’ m;(s; Q*) ds we deduce

(28) /Oll 1 (s; Q) ds =

Moreover, note that for z; € I,
{xd Dz, 2q) € QZ} = {xd Dz, 2q) € Q*} and

{a:d (zg,q) € Qy} =

In view of (27) we get

Pa(@s; Q) = pa(r;;Q) = pa(as; Q) = palz;; )
and we conclude that
(29) ‘Q

Finally, we analyse 771 (s, Q The inclusion Q c € implies

(30) / iy (s:9) ds > / (s

Moreover, by construction of Qy we have
Pi(xa; Q) < || =y
for all 24 > 0 and consequently m;(s;Q,) = 0 for all s > y. Using (30) we conclude

/mj ds>/mj ds-/ (s

In view (29) and (28) we arrive at

/mstds>‘Q‘—‘Q‘—/mJ

This shows that (26) holds true and the proof is complete. O

= |
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Now we can give a lower bound on M (y; Q):

Lemma 7. For all open sets @ C R? and all y > 0

Q -1
(31) M) = in (017 ).

Proof. We use induction in the dimension. For d = 1 and an interval of length || we get

1>
miri ) = { 0 Q<7

and therefore M (y; Q) = [/ m(7;Q)dr = min (y,|Q|) for all y > 0.
Now assume {2 C]Rd d > 2. For any given j =1,...,d — 1 put

" d—2
Tr = (xl,...,xjfl,qu»l,...,xdfl) eR

and let ;(s; Q) = |{z” : p;(2";Q) > s}|a_2 be the distribution function of a set Q@ € R*~! with
respect to the j-th direction, where p;(z”; Q) = |{z; : 2’ € Q}|1 is the total length of the section
through Q at z” in the direction of the x;-coordinate. Applying these notions to Q* given in (25)
we get

mi(s; ) = [{(«/ eRLps (2, 7 Q%) >s}|d L
- / |{x”e}Rd 2 by (2750 (7) > s}as dr
(32) / m;(s; Q" (7)) dr, j=1,...,d—1.

Put m(s;Q) = (d —1)7! Zj %rh](s Q). By induction assumption we have

9 a—2
(33) / m(s; Q) ds > min <|3|d11’ i y) , oy >0.
Next note that in view of (32)
d-M(y; Q) = Mi(y; Q) + -+ + Ma—1(y; ) + Ma(y; Q")

/y(ml(s Q)+ -+ mg_1(s; Q%) ds+/ mg(s; Q) ds

—1// des+/ ma(s; %) ds

(d—l)/o M(y;Q*(T))dT+/O mq(s; Q%) ds
Using (33) we claim

-1 oo O* _ d—2 1 Y
M(y; Q%) > d—/ min m, 1 (7|3 "1y dT+—/ ma(s; Q)ds.
a d—1 dJy

We point out that [Q*(7)|,_; = mq (7,Q*) for 7 > 0. Put
7 = inf {7’ > 0:mg(m; Q) < (d— l)d_lyd_l} :

Then

00 Yy
M) =5 [ manoydr + / ma(r; 0°)dr

d—
+ / mj Q") dr.
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By (19) we have fooo mg (T; Q%) dr = fooo mq (7;82) dT = || and using Lemma 6 we estimate

Q
M(y; Q) > M(y; Q%) u——/ mg (7; Q%) dr + = / mg(7T; Q)

d—2
(34) +Ty/ mg " (1 Q) dr .
0
In particular, in the case of 7* < y we see from the previous bound that
M(y; Q) > d |9

and the assertion is proven. Hence, let us consider the remaining case 7* > y in more detail. For

7" > y we have
ma(y; Q%) > (d = 1)yt
Because of the monotonicity of mg we conclude that

y
/ ma(7; )d tdr > ym (y,Q ) and / ma(T; Q)dr > yma(y; Q).
0
Let us rewrite inequality (34) as follows

) d—1 [V a2
M(y;Q)z% 4+ — /m(‘;—l(r;Q*)dT
0
N = PPN N .
+ Ty/ my (TQ)dT—E/ mq(T; Q*)dr .
y y

Put A= f;* mq (7; Q%) dr. Then

T* y
(35) 0<A:/ mq (T;Q*)dT—/ mq (7; Q%) dr < |Q| — yma(y; Q).
0 0
Moreover,
Q -1 d— d A
M) = 2 L o +——./7q17mm;5.

Due to the monotonicity of mg we have, in particular, mgq(7; Q%) < mq(y; Q*) for y < 7 and

42 =2 T mq(7T; Q) =
mi (7, Q)dr mI" (y; Q* / (7> dr
/ d ) @ W) v \ma(y; Q%)

™ mg(T; Q)
g maly; %)

-2 1
mg "t (y; Q) dr =m] " (y; Q%) A.

v

Thus,
€  d—1 o 42

Mo = Bl L e i - (1= @ pym o)) 4,

d - d
For 7* > y we have 1 — (d — 1)ymd (y; 2*) > 0 and we can insert (35) in this estimate and
arrive at

Q a=2
M(y; Q) > U+_y2 my~ " (y; )

—%C—M—Um% (4:0 QGM—wme»
> % ((d— l)lfllmi;’ll(y;ﬂ*) + md(y;Q*)) :
)

—1
Since the function f(m) = (d — 1)|Q2] m=T 4+ m takes its minimal value for positive arguments at

d—1 .
= |Q| 7, we arrive for y < 7* at

M(y: ) = £ fmaly; ) = 2917 = y |07

QUlw
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This completes the proof. O

4. PROOF OF THEOREM 1 AND REMARKS
Let
LN = [ f)eMan
0

be the Laplace transformation of a suitable function f : (0,400) — R. For real values of ¢ it is
monotone, that means a pointwise estimate f1(A) < f2(A) for all A > 0 implies L[f1](t) < L[f2](¥)
for any t € R, for which both transformations are defined. In particular, for A > 0 and ¢ > 0 one
has

LIA=NT]®) = /:O(A —Ne ™ MIA = e M T (0 4+ 1), t>0.

In view of the linearity of the Laplace transformation one finds for ¢ > 0 and o > 0 the well-known
identity

. b to'Jrl B " _ 7«/.o'Jrl

Therefore, any bound on the Riesz means of the type
(36) R,(A) < f(A,Q) forall A>0

implies a bound on the heat kernel

to’+1
Z(t) < ——
(37) () = I'(oc+1)
valid for all ¢ > 0, for which the r.h.s. is defined. For example, this way one can deduce (1) from
(3) with any o > 1.
Next note that in view of R;(A) =0 for 0 < A < A; we have in fact

Do+ 1)t Z(t) = L[R,](t) = L[R,, N](t) for any 0< X< Ap,

LI D))

where
LU = [ @) Man = L+ 0. A0,

is the reduced Laplace transformation of a suitable function f. This transformation preserves
pointwise inequalities as well and from (36) one can deduce an improved version of (37)

o+1
Z(t) < ﬁﬁ[f(-,ﬂ), Al(t) for arbitrary 0 < A< Ap.
Applying this bound to (3) one gets the estimate
Ql -
(38) 2 < |dI‘(U+C—l+1,/\t), t>0,0>1,0< A< A,
(4mt)2 2

which already contains an exponential decay for large ¢. Instead of referring to the classical
Berezin-Li-Yau-bound (3) we can apply this idea also directly to the improved bound (18) and
claim

t<7+1

Z(t) Le / Q4] AT 2 A dA

< -
= T(o+1) o
t(7+1

39 - L +ﬂ/ dr (AT e M dA,
) To Ty e o+ 45) [ dr@ar e

A1

where t > 0 and o > % This bound is even sharper than the estimates presented below. But the
geometric properties of € enter in a rather tricky way and cannot be simplified in a straightforward
manner. Therefore we prefer to present also a slightly weaker, but sometimes more convenient
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version of this bound. For that end we choose 0 = o4 given in (12) and apEIy the reduced Laplace
transformation to (20). Thus we get the following estimate valid for A € [\, \1] and ¢ > 0:

Z(t) < it T <0d+ 4, 1,/\t)

(4mt)2 2
t”‘H—l o ™ d
40 L / M<—> NG P
(40 Foar D ont fy MR

We are now in the position to provide bounds on Z(t) depending only on the volume of €. To

this end we use inequality (7) and calculate M ( f) explicitly on the ball.

Proposition 8. Let A € [5\, A1]. For any open set Q C RY and any t > 0 the bound

1] ( d )
Z(t) < f LY
®) Sm? 71T T

_ 2] /D"e_ss(,ﬁgg( w1 d+1>d8
(Art) T (0 + 2 +1) Jas 4R?s7 2 2

holds true, where R = R (|Q|) is the radius of the ball Br C RY with |Bg| = |Q)|.

Proof. Lets consider the ball Br and apply (40) to estimate Z*(¢), i.e. Z(t) on Br. Note that
m;(1; Br) = m(7; Bg) for i = 1,...,d and we can choose an arbitrary coordinate system (2, z4) €
RI=1 x R.

Again put pg (¢'; Br) = |[{zq : (2’,24) € Br}| and note that for 7 < 2R the set

{x' e R4 py(a’, Bgr) > 7'}

is itself a ball in R4~ with radius (R* — 72/4)%. Thus we find

/ / W% d—1 7—2 %
m(T;BR):Hx :pd(xyBR)>T}|d—1 = F(%)R 1_4—R2
and
2 2
o y* 1 d+1 -~y 1 d+1
M(y; B = =|Br| B| =,=,— | .
(ya R) (i) ( RQ’ ’ 2 ) | R| <4R2a27 9
We insert this estimate into (40) and arrive at
B
Z*(t) | R' < +3 4 )\t)
t"d+1 1 d+1 g
_ A‘Td'i'* —AfdA
T(og+1) LasalB R'/ <4R2A 2772 )
The assumption A > X implies 4”? < A and in view of (7) and |Br| = || the claimed result
follows by simplifying the right hand side. O

We can now derive Theorem 1 from Proposition 8:

Proof of Theorem 1. The inequality

_ d—1
(1-u) >1-

implies the estimate

2
L%t 1 d+1 1 4R2s 1 d—1
B — > 21— d
<4R28’2’ 2 )— B(%,M)/O v ( 2 u) "
T

D) (VA (@-eied
C T (4E) \BVs  24R3s3
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Therefore we claim

0o 2
—s o’dJréB mt 1d+1 d
/M ¢ <4R23’2’ 5 )%

r(¢+1) (Vrt d+1 (d—1)73t3 d—1
Z T%l) ?P (0d+ T,)\t) — TRBP (0d+ T,)\t) .

Inserting the last estimate into the bound from Proposition 8 yields

Z(t) < it T <ad 44y l,At) — R(t,\)

(4rt)z 2
with R(¢,\) = r1(¢, A) — ra(¢, \) and
[8] P(g 1) Vat T (oa + 42, )
rl(ta/\): d
ar)f T(T) B Tlog 14+ 1)
it = 19 TE D) (@ )rfed T o+ 258 )
V=G T(E) 2 T(ordeD)

From |Bg| = || we deduce

RENTIAY
41 = I'i=-+1
(41) R NG ;
and get
% (%wﬁ%)r(%ﬂﬁA( d+1 )
ri(t,\) = I'(og+ , At
= Gy 2 (%)
a d—3
ra(t,2) = 10T 72(d—-1)B (3,00 + )T (L4+1) 7 £ (g 9=t xe
’ (4mt) T 96(204 +d — 1) () 2

To complete the proof it remains to note that in view of (38) we can always estimate the remainder
term R(t,\) from above by zero. O

Remark. According to (11) we can choose
L
2/d
NERSTRETTR

as a suitable lower bound on A;. With this special choice of parameter we find

5\:

Corollary 9. For any open set Q C R? with finite volume and all t > 0

Q] - ( d ., .5 >
42 Z(t) < Dog+=+1,7t) — (R(t
(42) (t) ) it (R(t))+
holds true with
QT d+1 Q7 d—1
R(t) =c ,di,f‘ <0d+ —,S\t) —C ,di,f‘ <0d+ —,S\t)
0=y 2 ! amt) 2

and constants ci1,q, ca,q giwen explicitly in Theorem 1.

Finally, we can apply (7) to known estimates on Z(t) and compare the resulting universal
bounds with the result from Corollary 9.
To analyse the asymptotics of Z(t) for ¢ — 0+ on convex domains van den Berg proved [vdB84b)]
that for all convex domains D C R? and all ¢ > 0
|D| |0D]| . (d—1)|0D|t
(4rt)s  A(4dmt)“T (47t)%2R

Z(t) <

)
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where 0D denotes the boundary of D and at each point of D the curvature is bounded by %.
To prove bounds for general domains €2 we can apply this bound to the ball. Note that
d—1
|0Bg| = dﬁﬂ;i.
T(g+1)

In view of (7) and (41) we find
Corollary 10. For any open domain Q C R% and any t > 0

] dyFT QT dd-1) |07
(rt)E (44 1)7 4(dnt) T T (4+1) 8(4mt)"

Remark. The bounds from Corollary 9 and Corollary 10 both capture the main asymptotic be-
haviour of Z(t) as t tends to zero. Moreover, they contain order-sharp remainder terms. Actually,
in the regime ¢ — 0+ the bound form Corollary 10 is stronger than (42). On the other hand the
bound from Corollary 10 does not show an exponential decay as t tends to infinity.

Z(t) <

Moreover, one can use the ideas of [Mel03] and [HHO7] to derive unviersal bounds on Z(t). We
can employ inequality (5) and the result of Luttinger (7). For the ball Br C R? with |Bg| = ||
the second moment I (Bg) can be calculated explicitly. If we insert the result into (5) we find

19 ( -t >
43 Z(t) < exp | —My ,
(43) () (4t) % Q4
- _2
with a constant My = d%fwf (% + 1) ¢ My. For example, in dimension d = 2 we have My = é,

see [KVWO08], and we get

| Tt
< 2 —— .
20 = o o g

In general we have My < 1 and the estimate (43) is not strong enough to imply the conjectured
inequality (6).

But one can employ Corollary 9 to prove (6) at least in low dimensions. To analyse the
asymptotic behaviour of the bound from Corollary 9 we refer to the inequalities

Jo,1 > 24 > = if d=2
1
r@)’
jin  >31 >—2 ifd=3
| rﬁ )?
g+1)7
jaia >3- > 2\/E ifd>4,
see [AS64]. We find
ﬂ-jz—ll 1

In view of (9) we deduce that (42) is stronger than (6) in the limit ¢ — co. Moreover one can
employ (13) to show that this relation holds true also in the limit ¢ — 0+. Finally one can compare
the bounds for finite values of ¢ numerically and find that (42) is stronger than (6) for all ¢ > 0 if
d < 633 and that in these dimensions conjecture (6) holds true.

On the other hand numerical evaluations show that for dimensions d > 633 there exist ¢ > 0 so
that the bound in (6) is smaller than the bound in (42). Since the conjecture (6) does not show
the expected asymptotic properties we confine ourselves to this numerical discussion.

5. HEAT KERNEL ESTIMATES IN UNBOUNDED DOMAINS

In this section we use Proposition 5 to prove upper bounds on Z(t) in unbounded domains, in
particular in domains with infinite volume. In such domains, not much is known about universal
bounds on Z(t), see [Dav85,Dav89] for results valid in a very general setting. As an example for
unbounded domains 2 C R?, B. Simon and and M. van den Berg introduced “horn-shaped” regions
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[Sim83, vdB84al]: Assume f : [0,00) — [0,00) is a non-increasing function with lim,_.o f(s) =0
and put

(44) Qp={(z,y) ER*:2>0,0<y< f(x)} .

Then Qf is “horn-shaped”. Lets state some examples where the short time asymptotics of Z¢(t)
can be computed explicitly. Assume f,(s) = s_ﬁ, 1 > 1. Then for t — 0+ we get

T (142 ) )
(45) Z(t;Qf“):(Jr—?)f(”)t*% +o(f’¥1) ifpu>1,
oQrht3
Int 1+~ —2In(27) 1 .
Z4:Q0p) = — =ty 2Ty emlen) ) fru=1
(6:9p) = - + — +0 (1 it =1,

where ((p) is the Zeta function and - denotes Euler’s constant, see [Sim83] and [ST90] for refined
results. Moreover one can choose f.(s) = exp(—2s) and find
1 Int 1
46 Z(t:9Q :—+—+O(f§)
(46) :90.) = 1 + 1
as t — 0+, see [vdB87] and [ST90].

In order to derive universal bounds on Z(¢) in unbounded domains, let us first note that all
results mentioned in the previous sections, in particular Theorem 1 and Corollary 9 remain valid
for unbounded domains Q2 C R as long as |Q| is finite. Even if the volume of € is infinite the
estimate (39) holds true as long as €, is finite. Moreover, one can use Proposition 5 to estimate
R,(A) and Z(t) as long as

(47) / m;(T; Q) dr < 00
%
for all A > 0. This condition is satisfied for ¢ = d and a suitable choice of coordinate system
(2',24) € R¥™! x R whenever
ma(t;Q) =o(r7") , 7—o00.

For example we can apply Proposition 5 to horn-shaped regions introduced in (44) with f,(s) =
1
s w, > 0.

Theorem 11. For p1 >0 and allt >0

p—1

4 1 2\ 7w M m? L (9
T, ) < — (= t D(Z+4,—t —TI{5 5t
(& f“)1057r3u—1<7r2> 2 <2+ i )+47”5 <272

1—p
4 1 2\ _itu 1 w2
£ (= T D — 44,0t
+1O57731—M<7T2) , <2,u+ 2 >

Int . (9 =? 1 (9 7
. < ) _ z
Z(t; Q) < F(Q’ 2t) 2lnn 1n2)F(2, 2t)
7
2

if u#1 and

Ant

4 oo
+ 5 / s2e” *Insds.
10572t J=2y

Proof. In order to apply Proposition 5 choose a coordinate system (x1,72) € R? rotated by 1
with respect to the coordinate system (z,y) used in definition (44). Then for z; = 0 we have

P2 (0:92y,) = [{z2: (0,22) € Qy, }[, = V2

and we find that my (T; Qf“) =0 for all T > /2. Moreover, we can estimate
D2 (a:l; Qf“,) V2 fu (\/ﬁxl) ifx; >0 and
p2 (21;9Qy,) < \/iflfl (\/§|x1|) ifzy <0,

B~
3
=y

IN

N
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hence ) . )
L — —p
mgq (T;qu) <25 rhy2EmorTu
for all 0 < 7 < v/2. Inserting these estimates into the inequality from Proposition 5 with ¢ =
o9 = 5/2 yields

7.(.2

Rs(A) =0 forallO<A§7

[N

and for A > %2 we get

5
2

Ry(A) < — <1_ L pionon)ts - “1#—%(2A)TF>A§

= 14w 1—p w—
if w#1 and
1
Rs(A) < — (InA+1In2—2In7) A3
2 147
if = 1. Finally by applying the Laplace transformation to these inequalities and simplifying the
resulting estimates on Z(t) we arrive at the claimed results. (]

Remark. Comparing these bounds with the asymptotic result (45) we see that the main terms
capture the correct order in t as ¢t — 0+. In the case u = 1 the first term contains the sharp
constant and even the second term is of correct order.

To generalise these considerations to higher dimensions we use slightly different notions. Assume
a non-negative function m(r) is given for 7 > 0, right-continuous, non-increasing and satisfying
m(7) = o(r7!) as t — co. Choose

f(s)=inf{r >0:m(r) < wd,lsd_l} ,
where wg_1 = T (%)71 denotes the volume of the unit ball in R%~1, and put
N ~ 1
Qf = {(m',xd) ERIXR: |zg] < §f(|x'|)} :
Then Q ¢ represents an example of a domain with the distribution function
ma(7; Q) = m(r).
_1
In this case, to study explicit examples we choose f,(s) = (wd_lsd_l) "
Theorem 12. For any p > 1 and allt >0
1 7.(.1—}1. T (O'd + d+—g+1)
(m)gp—1 T (og+§+1)

Z(t;qu) <

_d—14p
2

Proof. The definition of Q2 7, and the choice of f,, implies mq(7, €2, ) = 77#. Hence, we can employ
Proposition 5 with ¢ = o4 and find

o0 d al—n dbp—1
Ro,(A) < L 4 / rrdrAvet =l T et
& #=

To this inequality we can apply the Laplace transformation and simplify the resulting bound on
Z(t) to arrive at the claimed result. O

Remark. In dimension d = 2, according to [Sim83, vdB87,ST90], the asymptotics (45) and (46)
are valid for Qf as well. In this case the bound from Theorem 12 reads as

- 4 T(4+4
Z(t;Q4,) < T ( 2 )
T 105t p—1
In view of (45) this bound shows again the correct order in ¢ as ¢ — 0+. Moreover, if we compare

the constants
L (1+%5)¢(n)

2 ht3

pt1
t 2.

bi(p) = . L+ 5)

= d v =
w5t u—1
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from the bound above and the asymptotics (45) we find

. biw)\ _ iy (O +D(e+2)Y
ulH{lJr(b’l(,u))_uLH( (1 —1)¢(n) ) h

In order to state an example for unbounded domains with finite volume, choose f.(s) =
exp (—wd,lsd_l). In the same way as above one can show

Theorem 13. For all t > 0 the estimate

- 1 . d Int T dtl 724
Z(t’Qfe) < dr(0d+_+177r2t) + \/E rflifl (0d+ 21 - )
2 A4rt)s T(oa+§+1)

(4rmt)z
VT (Inm—1)T (0q + L, 7%)
204rt) = TI(oa+2+1)

1 o0
ﬁdfl ] / st Inge™* ds
4(4rt) 2 T(og+ 5 +1) Ja2e

+

holds true.

Remark. In view of (2) the first term of this bound is sharp in the limit ¢ — 0+ since |Qy, | = 1.
In dimension d = 2 we can use (8) and (46) to point out that even the second term of the bound
captures the right order in ¢ as ¢t tends to zero.

6. PROOF OF THEOREM 2

Here we use the results from section 3 to derive universal bounds with correction terms on the
Riesz means R, (A). First we note that Proposition 5 and Lemma 7 immediately imply the follow-
ing estimate. Recall that T = d>7%|Q|~7 and let o > 3 satisfy e (0 + &52) = 2B (1,0 4+ 422),
hence ¢,,q = 0. Then for any open domain {2 C R and all A > 0 we find

d—1
d
Lf;l,d [e] Ad-i-% _ WL?;{d |Q|%A”+% if A > 71q.

Ry (M) Q| ATTS if A <7 and

IN

cl
Lo,d

N

Ry (A)

Next we discuss, how a trick by Aizenmann and Lieb [ALT78] can be applied to inequalities for
eigenvalue means R, (A) with remainder terms.

Lemma 14. Let7>02%, M >A>0and A > N Then

R,(A) < L;{d|Q|A7+%B(%,HQH,W—J)

2
Lcld A=A T 4
- Ry Vs Q) (A—7)7F24d
B<o+1m—a)/o ' <¢A—T )( .
Oo.d A=A ™ d—1
4 0 vmo-l Q) (A=7)7TT dr
(48) +B(U+1,'}/—U)/0 T m — ( T) T
Proof. We start from the well-known identity [ALT78]
Ry,(A) = 1 /Oo T R (A = T) dr
K B (U + 17 Y= U) 0 7

1 A—X L
4 e
(49) e T R
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Here we have taken into account that R, ([\) =0for A <X < \;. Now we can apply Proposition
5 and find

Lcl 0 A=)
Ry(A) ) et ar

< - s
- B(o+l,y-o

L /AA WlM( T Q) (A—7)7+2d
B(U—Fla’}/_o') 0 ’ \/A—T7 T T

+ O0.d / g ( il Q) A—7)" % d
—-— T m ; -7 T.
B(J+1a’7_0) 0 \/A—T

Finally let us evaluate the first term on the right hand side of this expression. A substitution of
the integration variable s = % gives

cl 1—2
_ Lol A7+%/ Tl (1 - 5)7 8 ds
B(o+1,v—o0) 0
_ d A _ p\y—o—1s0+4
_ IQIAH%LgdB(y o,0+5+1) 1_f0 (1—-1t) dt 2dt
¢ Blo+1,v-o0) B(y—o0,0+5+1)

= QAL (1-B (Ro+4+1,9-0)).
0

If we apply this Lemma with o = o4 then because of d,, ¢ = 0 the last term on the right hand
side of (48) vanishes. This enables us to finish the proof of Theorem 2.

Proof of Theorem 2. Inequality (48) with v > 0 = o4 and with a substitution y = \/[j gives

an~f A d
R < OB (Foout s+ L)

o20a+d+2 [ cl o 2\ Y—od—1 )
_ oq,d / Y <A B 7T_> M(y, Q) y72gd7d73 dy
<

B(og+ 1,7 —04)

|[*/¢. Then we have y|Q|% < 119| for all

Q-

for all A > \. First we assume \ > 7q, i.e. %
ﬁ <y< % and in view of Lemma 7 we get

R,(A) < L0 AFER <%,ad + d +1,y— ad)

2
204+d+2 71 cl . —o—1
o L5, |Q|d_;1/ﬁ A—7T_2 e y~20a=d=2 gy
B(Ud—I-l,’y—Jd) B y2
VA

If we substitute s = ;;—ix and simplify the expression of the remainder term we arrive at

A (A d
R(8) < L4047 B (Fooa+ § +L— o) = S

with S(A, \) as stated in (14).
Next we assume A < 7o and proceed in two steps. If at the same time A < 7, that means
d—1
% > 110V, we have y Q] T > 1|Q] for all % < y% and by similar calculations as above we
arrive at

LA A d
R < L0 (Fooat G+ 1y - o)

204+d+2 71 cl . y—ogq—1
s A () Iy
Boa+1,y-04) d J5 Yy
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and we obtain the claimed inequality with S(A, ) given in (15). On the other hand, if A < 1o <A
we get

i (A d
Ry(A) < LY QA*EB (K,ad+§+1m—ad)

1
27-‘-2(Td+d+2LCl 12| d

2\ Y—04—1
o4,d d-1 ¢ ™ —204—d—2
- Q% AT a=d=2 g

Bloat o / ( y?) / /

204+d+2 71 cl T —og—1
o 2m%a LU’d,d |Q| / A— T y—QUd—d—3 dy
B (Ud + 17 Y- Ud .

M»—‘ ;

In this case after a simplification we arrive at S(A, \) as stated in (16). Finally, if we apply (49)
directly to (3) we claim

. i (A d
R'Y(A) S L’Yl,d|Q|A’Y+2 B <X70d+§+177_0d> .

Hence, in the final bound S(A, A) can be replaced by its positive part (S(A, A))+. O

Again in view of (11) we can choose

as a lower bound on \;. Thus we find

Corollary 15. Let Q C R? be an open set with finite volume. Then for v > o4 the estimate

N d
Ry(A) < LY, |0 B (X,ad oLy od> AR (S(A))+

holds for all A > 5\, where

_ cl g]. )\ d
S(A) = LS [0/ ATE - B <A0d+ +1,7 - )

2
if A < 1q and
. B (4, d+1y d+1
S(A) Lcld 1|Q|7A7+ MB 70 og+ I + v
2 A’ 2
. _,,_il ~ 5\ TQ d
+ L5 1QA° 23B<A Ka0d+§+177—0d

Remark. We can now compare this result with estimate (18) from Proposition 3. In both bounds
the high energy asymptotics A — oo is dominated by the sharp first term. In view of (10) also
the remainder terms show the correct order as A tends to infinity. In this limit the bound from
Corollary 15 is stronger than (18) whenever

d—1 d+1
6(7+T>d,\(ﬂ)< B( 0d+i)|Q|

holds true. We remark that the right hand side is independent of v while ¢ (’y + %) tends to
zero as v tends to infinity and da(€) is bounded from above by the diameter of Q. Hence the
condition above will be satisfied for large enough ~.

Moreover, the bound from Corollary 15 contains the factor

(A d
Bl — —+1,v—-
(A,0d+2+ Y Ud)
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which decays exponentially if A — A ‘and which improves the bound from Theorem 2 in com-
parison to (18) for values of A close to A.

APPENDIX A. PROOF OF LEMMA 4

Here we prove Lemma 4: For any n € N, n > 6 put g = n/2. Then the identity

[A]

) A 1 E2\" 1 1
E(u):}gfl EB(?M+1)_Z<1_E) :§B(§,u+1

k=1

N—

holds true. u
We use %B (%,u—i— 1) = OA (1 — 1’;—22) dt and write

A 1 [A] B2\ M A [A]
B =58 (qn1) -3 (1-7) = [ s -3
[A] k A
t)dt — f(k d
;( : ())Jr/wf(t) :

m
with f(t) = (1 - 2—22) . For 1 <t < A the function f is non-negative and we can estimate
f[ﬁ] f(t)dt > 0. Hence we find

[A] k
(50) Fu(A) =) < : f)dt — f(/f)>
k=1 -1
L 1 1 1
= < fe)dt — 5 (f(k —1)+ f(/f))> +5f(0) =5 (4]
k=1 \’k-1
The monotonicity of f implies f ([4]) < f(A -1) = (2‘3151)" and thus we get
(51) Fu(4) 2 % - % (%) + Z ( )t — = 5 (flk=1)+ f(k)))

for all 0 <t < A. Lets fix p > 3. Then the function f can be differentiated twice and we claim
that for 0 < ¢t < A the function f”(t) = j—;f(t) attains its maximum at tp = A For all
0 <t < A the inequality

2}1. 1

pn—2
o< - (1)

holds true and we put f/ = f"(ty). We can now apply the trapezoidal rule and find that for all
k>1
k

(52) Fle)dt — 5 (k= 1)+ F(K) = 25" (&)

k—1
with & € [k — 1, k]. Inserting this estimate into (51) yields

1 1 /24—-1\" 11241\ 4]
S _ (22— j : // - - _ e
EL(A) =9 2 ( ) f 2 2 < AQ > 12 max

S 1 1/24-1 o[ 2n—4
-2 2 A? 3A\2p—1
In a first step we assume A > p. Note that for p > 3 the factor EZ:?

functions 2’144;1 and 7 are non-increasing and we can put A = u in the bound above. We arrive

is positive and for A > p the
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at

2u—1\" 1 (2u—4\"""
12 3\ 2u—1

11 /2u—1\" 1 /2u—4\"?
Puln) =3 - ( 2 > _5(2 1 '
[ -
In a second step we assume /2u—1 < A < p. Put ¢t* = zlil and note that f”(t) < 0 holds

for all 0 < ¢ < t* and f”(¢t) > 0 holds for all t* <t < A. Choose k* = [t*] so that f”(¢) < 0 for
all 0 <t < k*. From (52) we deduce

for all A > p and put

N |

k
F(e)de = 5 (£ = 1) + f(K)) 2 0

k—1
for all 1 < k < k*. Using (52) once more for k = k* + 1 we get
" 0= L (=01 f0) =~ ) =
1 2 T T1gf WEHL = Tig max

Finally for k > k* + 2 and ¢ € [k — 1, k] we use the monotonicity of f and estimate
k

(53) F@de = 5 (=) + () 2 5 (k= 1) = F(F))

k—1 2

Hence

[4] k 1
> < ft)ydt — 5 (f(k—1) + f(k))>

k=1 \’/k-1
1 1A
> — Sl =5 D, (fle=1) = f(k)
k=k*+2
1., 1. . 1 1., 1, .. 1
S - D+ =f(A) > ——f" = Zf([A
Pt = 3 F B 1)+ S F (D) >~ flre — 2 F () + 2 (4]
since k* + 1 > t*. Inserting this inequality into (51) we arrive at
1 1 1
FL A e _ = *
l( ) = 12 max 2f(t )

2

e () ()

2 342\ 21 2 \2n—1
e (5) G
2 32u—1)\2u—1 2\ 2u—1

for all \2u—1< A < pu. We put

1 M ou—4N\""? 1 [2u—2\"
Po(p) = 5 — — — -3 — ] .
2 302u—1) \2u—1 2 \2u—1

In a third step we assume \/u < A < /2p—1. Then we have t* = 273—1 < 1, hence
k* = [t*] = 0. We claim that

/Olf(t)dt—%(f(O)—kf(l)):/ol (1—;—22>Hdt—%—% (1-%)@0.

n
This can be seen by expanding (1 — 2—22) and (1 — ﬁ)“ as series and comparing coefficients.
Here, using (53) for k > k* + 2 = 2 yields

vV

Al [k 1 1 1
Z( Fityit - —(f(k—1)+f(k))> > (1) + 3£ (14)

2
k=1 \”"k—1
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and inserting this estimate into (51) we get

1 1 T\ _ 1 1/2u—2\"
>-_Z(1-—) >=_2 > ,
F4) 235 2(1 A2> =3 2<2u—1) = ®2(k)
<

Finally, we deal with the remaining case 1 < A

[4] k
FL(A) Z( f()dt—f(k)>

k—1

/f t)dt — f Z( ’ dt—f(k)).

Since f(¢) is non-increasing for 0 < ¢t < A the sum on the right hand side is non-negative and we
get

Y

F

1 t2 H 1 \* A ﬁ . 1\ H
U(A)Z/o <1_ﬁ) dt_<1_ﬁ) :E/o s 2(1—5)”ds—<1—ﬁ> :

Lets denote the right hand side with S,,(A) and analyse it in more detail. We have

d 1 (a2 1 1\ 2 1\
_ —_ — — H —_ - -
pi S, (A4) 2/0 s72(1 —s)!ds 1 <1 A2> Ve <1 A2> .

We point out that
Su(A)

ﬂu

t\:|>~

(54)

:—B( u+1) >0
A=1

and we claim that d(ilS (A) has not more than one zero in 1 < A < \/_ To prove the last

L L —
statement put s,(A) = § [(** s72(1 — s)"ds and §,(A) = & (1 - —) —|— L (1- —)' " so that
)-

3

d(qu( ) =su(A )_SIJ«(A
d 1 1\*
= (1‘ ﬁ)

d _ 1 1\* 4u T\ dp(p—1) 1\"?
dAS“(A):_ﬁ(l_ﬁ> ‘ﬁ(“ﬁ) +T<1‘ﬁ>

and we find that d Tasu(A) < 7 A a5u(A) forall 1 < A < /u. This inequality shows that %S,,,(A) =
sp(A) — §,(A) has at most one zero in 1 < A < \/ji. In view of (54) it follows that

min _S,,(A) = min {S,(1), S, (VA)} -

1<A<VE

Then we have

We can no use the estimate F,(A4) > S, (A4) to get
F(4) > min {5,(1), 5, (vi)}
(1 (1 VA (11 1\"
e () B (o) (-]
for all 1 < A < ,/p and we put
VI (11 1\"
dy(p)=YXEB (=, u+1)—(1-=) .
3(:“) 2 M525u+ [
Lets sum up the results. We have shown that for 4 > 3 and all A > 1

Fu4) 2 min {8 (G 1) 010, 2200, 820}
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Note that

1
®y () > =B <§,,u—|—1) forallpy > 5

Qo (p) >

2

1
2
1 1

§B <—,,u—|— 1) for all p > 30
1

1
<I>3(u)2§ <§,u—|—1> for all u > 4.

Therefore the claim of Lemma 4 holds true for all u € R, g > 30. To complete the proof we are
left with the finite number of case p = n/2 with n € N; 6 < n < 59. In these cases the claim
follows from numerical considerations that can be made rigorous by elementary analytic methods.
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