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Parabolic Approximations of Diffusive-Dispersive Equations

Andrea Corli* Christian Rohdef Veronika Schleper!

July 22, 2013

Abstract

We consider a lower-order approximation for a third-order diffusive-dispersive con-

servation law with nonlinear flux. It consists of a system of two second-order parabolic
equations; a coupling parameter is also added.
If the flux has an inflection point it is well-known, on the one hand, that the diffusive-
dispersive law admits traveling-wave solutions whose end states are also connected by
undercompressive shock waves of the underlying hyperbolic conservation law. On the
other hand, if the diffusive-dispersive regularization vanishes, the solutions of the corre-
sponding initial-value problem converge to a weak solution of the hyperbolic conservation
law. We show that both of these properties also hold for the lower-order approximation.
Furthermore, when the coupling parameter tends to infinity, we prove that solutions of
initial value problems for the approximation converge to a weak solution of the diffusive-
dispersive law. The proofs rely on new a-priori energy estimates for higher-order deriva-
tives and the technique of compensated compactness.

1 Introduction

We are interested in the following initial-value problem for a diffusive-dispersive conser-
vation law:

u + f(u), = euS, +veui,, inQr: =Rx(0,T),T>0,

(1.1)
u(,,0) = wg in R.

Here, f : R — R denotes a smooth flux with f(0) = 0, up : R — R is the initial datum
and €,y are positive real parameters.
The model (1.1) can be understood as a toy model to describe phase transition dynamics
when viscous and capillary effects are taken into account. To see this, let us consider first
the ideal case, i.e., the sharp interface limit ¢ — 0 where the diffusive-dispersive equation
in (1.1) reduces to the hyperbolic conservation law

uy + f(u), = 0. (1.2)

Assume that the flux f has an inflection point; this happens, for instance, in the modeling
of phase transitions [13], saturation fronts [26] and precursors in thin film flows [3]. In
such a case, shock-wave solutions to (1.2) that connect end states u_, uy in different re-
gions of convexity may be interpreted as phase boundaries; in particular, such waves can
be undercompressive [11]. The crucial observation from [11, 13] is that these undercom-
pressive shock waves possess a diffusive-dispersive profile, i.e., the equation (1.1) admits
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for some v > 0 smooth traveling-wave solutions that connect the same end states u_, u.
Moreover, solutions of (1.1) converge for ¢ — 0 to a weak solution of the corresponding
initial-value problem for (1.2), see [11, 22].

Reverting to the dissipative equation in (1.1), it is obvious that its analytical treatment
and even more its numerical simulation gets intricate due to the appearance of the third-
order term. Therefore we introduce in the present paper lower-order approximations of
(1.1) that keep the property of allowing traveling-wave solutions associated with under-
compressive waves of (1.2) and reduce to (1.2) in the sharp-interface limit ¢ — 0.

One possibility for lower-order approximations for (1.1) is the nonlocal equation

u?a + f(us,a)x — Eui’ma + oy’ (ICE’Q * uE,a . us’a)x’ (13)

which depends on the coupling parameter o > 1. In (1.3) the symbol “«” denotes spatial
convolution and K%“ : R — R is a kernel function that satisfies

/}R Koo (2)do =1, Ko%(2) = K=%(—z)  (ae > 0).

Under appropriate growth conditions on K%, the existence of traveling waves for (1.3)
has been verified in [20]. For fixed ¢ > 0, formal asymptotics suggests that solutions u®*
of (1.3) converge for & — oo to solutions of (1.1). Though this has not been proven so
far for arbitrary kernels K%** it holds true indeed for the choice

e

£, o Va,
’C‘(I):% = e, (1.4)

see [6]. In this case (1.3) is equivalently rewritten in the local parabolic-elliptic form

U ), = eust —a(ute - X,

S = ause - A,

In other words, the approximation consists of a second-order equation for u®“ : Qpr —
R coupled with a linear elliptic equation for an additional unknown A% : Qp — R.
The kernel (1.4) is then the Green function associated to (1.5),. We note that (1.5), is
exactly the screened Poisson equation, which is widely used in mathematical physics and
visualization sciences (see for instance [9, 12]).

Instead of purely static equations as (1.5),, one may also think to select time dependent
operators. The simplest choice in this context and indeed the main topic of this paper is
the system

WP (W), = g — a(ut - ),

in Qr, (1.6)
BT —yese = a(use - A%),

for 0 < f < 1. We omitted in the functions u®%, A>* the dependence on 3 both for
simplicity and because we shall see that § must be scaled with respect to a and ¢ in most
results. The latter issue can be intuitively motivated as follows. By (1.6), we can guess
that A>® and u*® converge to the same limit as o — oco. If we plug (1.6), into (1.6),, we
see that a necessary condition to recover (1.1); in the limit & — oo is that

B8 = p(a) = 0 for a — oo. (1.7)

@ we need two initial conditions for

While (1.5) requires a single initial condition for u®
(1.6). We put

’Ulaja('vo) = )‘8701('70) = Uo in R. (18)

The case A>%(-,0) # ug, with \g® — ug for @ — 0o or ¢ — 0 in some suitable norms,
only leads to minor changes in the following.



As mentioned above, we are particularly interested in flux functions f that are neither
concave nor convex. To avoid technicalities, we focus on two classes of flux functions: we
assume that the flux function f : R — R has bounded first and second derivatives or it
coincides with the simple non-convex flux

flu) = . (1.9)

In Section 2 we prove the existence of traveling waves to (1.6) for the cubic flux (1.9).
There we prove the first important result of this paper: under the assumption (1.7),
traveling waves exist for particular values of «y. The proof relies on geometric singular
perturbation theory [8].

The rest of the paper is concerned with fluxes having bounded derivatives. In Section 3

we prove some fundamental energy estimates for the initial-value problem (1.6)-(1.8); they
will be used in Section 4 to prove the wellposedness of the initial-value problem for classical
solutions.
The technical Section 5 presents refined a-priori estimates on smooth solutions of (1.6).
In these energy-type estimates the dependence on both the sharp-interface parameter
and, in particular, the coupling parameter « is carefully tracked. Such estimates provide
us with the necessary compactness to study the limit &« — oo in Section 6, where Theorem
6.1 is the second main result of this paper. It shows that a (sub)sequence of solutions to
(1.6)-(1.8) converges to a weak solution of the diffusive-dispersive problem (1.1). Again,
the scaling of 8 with respect to the coupling parameter « is crucial: we sharpen for fixed
value of ¢ the asymptotic relation (1.7) to

B =B(a) =0(a™t) for a — oco. (1.10)

We also obtain an explicit convergence rate with respect to the coupling parameter. Fi-
nally, the sharp interface limit € — 0 is analyzed in Section 7, now using for fixed a the
scaling

B =pB(e) = Ofe) for e = 0. (1.11)

The main result there is Theorem 7.1, which is proven by using the compensated com-
pactness approach in the version presented in [16].

2 Undercompressive Shock Waves

In this section we prove that, for all € > 0, the parabolic system (1.6) with f provided
by (1.9) admits smooth traveling-wave solutions for « sufficiently large and 3 sufficiently
small; moreover, such traveling waves converge almost everywhere for € — 0 to an un-
dercompressive shock wave [15] of the homogeneous equation (1.2). Then, the parabolic
system (1.6) can be seen as a singular perturbation of (1.1), for & >> 1 and f << 1. We
refer to [13, 11] for traveling-wave profiles of both Lax and undercompressive shock waves
for the equation (1.1). More precisely, if

u_ ifx—st <0,
U(myt)—{ ugp ifx—st >0,

is a shock wave for (1.2) and the flux function is given by (1.9), then s = u? +u_uq +u?.
Undercompressive shock waves satisfying the condition f/(u4) > s exist if, for instance,

—2u_ <ug < —% < 0. (2.1)

x—st
3

Traveling solutions U¢(z,t) = u ( ) of (1.1) are solutions to

o= oz, u(£00) = ug,
{ vz = —z—su+ f(u)+e, z(xo0)= 0,i (2.2)



for ¢ := su_ — f(u—) = sus — f(uy). There are three rest points (u,0) for the flow in
(2.2); they are uy < up = —(uy +u—) < u_. If we denote p(u) := su — f(u) — ¢, then
the eigenvalues at the rest points (u,0) = (ux,0) are A = [-1 £ /1 — 4yp/(u) ]/(27) and
uy are both saddles if and only if p’(us) < 0. This condition is equivalent to (2.1). W
write system (2.2) as

u = 2z, u(£o00) = ug,

vz = —z—pu), z(+o0)= (2.3)
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The sets MZ = {(u,0,1) |l € R, | # 0} are easily seen to be normally hyperbolic [14].
We rewrite (2.3) by introducing w := z + p(u). We obtain
W= w—plu), u(00) = s,
w
w'o= =2 4P () (w-p), w(eo) =0, (2.4)
v = 0.

The transformed manifolds Mg = {(ux,0,1) |1 € R, 1 # 0} of MZ are still normally
hyperbolic. Inspired by [13] we proved in [6] the following result.

Theorem 2.1 Consider the boundary-value problem (2.4) under assumptions (1.9). If
—u_ <uy < —u_/2<0, (2.5)

then there is a unique 5 > 0 such that, up to shifts, problem (2.4) has a unique solution.
Moreover, the intersection of the unstable manifold W*"(u_,%) from (u_,0,%) € My
and the stable manifold W*(uy,75) from (uy,0,75) € M is transverse with respect to the

flow of (2.4).

We pass now to (1.6). Since e > 0 plays a minor role in this section and to avoid
multiple upper indices, we write in the rest of this section u, and A, instead of u*“ and
A% A traveling-wave solution to (1.6) with speed s is a solution of the form

(Un(@,t), La(z, 1)) = <ua (fﬂgsf> . (x€5t>>

satisfying (ua(£00), Ao (£00)) = (v, Ax) and ul, (oo) = AL (£oo) = 0. Then, denoting
B = b to have the correct scaling in €, the functions (uq, An) must solve the system

Uy = a(ta = Aa) = p(ua),
{ —YAL —sbAL, = aug — Aa)- (2:6)

We need Ay = uy in order that (uy,Ay) are rest points of the flow in (2.6); in turn, the
assumption u/ (£o00) = 0 implies ¢ = —suy + f(ug ). Then, system (2.6) is completed by
the boundary conditions

Up (£00) = A (F00) =ug, N, (Foo) =0. (2.7)
We make the change of variables
We = @(Ug — Aa)-

Equation (2.6); now reads ul, = w, — Pu; then, denoting v, = w!
— Pa — . By (2.6)2 we deduce

we compute A, =

a

"

uy = Vo — Po(Wa — Pa),
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where we wrote p,, = p(u,) for short. We deduce

Wl = a(u-N)

o ( — P (wa — pa)
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We denote
1 / sb
Glu,w, 7,0, 0,0) = = <w + (b = 7P/ (w) (w —p(u)) + <7 - > v)

and notice that until now the parameter b played no essential role; in particular. We
deduce that (2.6)—(2.7) is equivalent to

u/oz = Wa _p(ua)a Ua(:too) = U4,

wl, = g, we (£00) =0,

Yo = 0, (28)
évl’l = G(Ua, Wa, Yoy Va, @, b), U (E00) = 0.

We remark that, differently from [6], the functional G depends not only on S (through b)
but, in particular, on ¢, because of the presence of the term A in (1.6),. However, for
a — oo this dependence is not singular:

G(u,w,7,v,00,b) = % (w + (sb — 'yp'(u)) (w —p(u)) —l—’yv) .

In particular, G(u, w, ", v, 00,b) = 0 is equivalent to

o=+ (-2 w-pt).

Now, we compare (2.8) with (2.4); we see that (2.4) is the reduced system for a = oo of
(2.8) if and only if
B=p8(a)—0 asa— oco. (2.9)

We notice that the requirement (2.9) introduces no singular behavior in the functional G
defined above. Therefore, under the conditions (2.9), system (2.8), which is written with
respect to a slow-time scale, falls into the framework of the geometric singular perturbation
theory for « sufficiently large [8, 14]. We now state our final result.

Theorem 2.2 Consider the boundary-value problem (2.8) with f given by (1.9) and as-
sume (2.5), (2.9).

Then, for a >> 1 there is a unique o, > 0 such that, up to shifts, problem (2.8) has a
unique solution, with v, = Yo. Moreover, we have Jo, = 7.

Proof. We rely on the formulation of the geometric singular perturbation theory provided
in [8, Theorem 9.1]. A simplified statement can be found in [10, Proposition 3.2], even
if in that proposition G is independent from «; however, the result in [8, Theorem 9.1],
which allows a regular dependence on the vanishing parameter, applies straightforwardly
to the framework provided in [10].

We just need to check that the zero-set G(u,w,~,v,00,0) = 0 is indeed the graph
Co of a smooth function h = h(u,w,~) and that the condition G, (u,w,~,v,00,0) # 0 is



satisfied on Cy. Both conditions are easily checked: since v > 0, the implicit equation
G(u,w,~,v,00,0) = 0 is uniquely solved as

v= = (5= 1) (0 = pl) = bl ),

which defines a manifold Cy on which G, = 1. [l

3 Energy estimates

In this section we prove some energy-type estimates for the case of flux functions with
bounded derivatives. We start by making an assumption about the existence of solutions
to (1.6); indeed, we shall prove in Section 4 that such solutions do exist by using the
estimates of this section. We denote by C¥(€2) the space of functions defined in Q C R?
having k continuous derivatives in  and one continuous derivative in .

Assumption 3.1 Let L > 0 be a constant such that f € C3(R) satisfies | f'(uw)|+|f" (v)| <
L and

u
F(u) := / f(w) dw >0 for all u € R. (3.1)
0
The role of condition (3.1) is to ensure the non-negativity of certain energy terms, see

(3.11). Figure 1 illustrates a possible choice of f(u) and the resulting function F'(u). In
particular, since we assumed f(0) = 0, the function F satisfies

u?. (3.2)

(

(a) (b)

Figure 1: Example of a function f fulfilling Assumption 3.1, (a), and its associated double-
well function F, (b).

We emphasize that Assumption 3.1 shall be fully exploited only from Section 5 on. As
regards the current section, it only suffices that f € C*(R) satisfies |f/(u)| < L and (3.1).

Assumption 3.2 Letuy € H3(R) and T > 0 be fized. We assume that for everye,a, 8 >
0 there ewists a classical solution (u®®,X*) : Qr — R? of (1.6)-(1.8) satisfying

e e C2 ((O,T] x R) N L (o,T; H3(R)> . (3.3)

We start by providing a representation formula of the function A*¢ in terms of u®<.



Lemma 3.3 Let Assumptions 3.1 and 5.2 hold. Then the solution X\*“ satisfies for
(z,t) € Qr the representation formula

A, 1) = /}/wa—y,t—s)w(y, sydy+ 2 /K“’“z—y, Huo(y) dy, (3.4)

(

where

B e—%tf ga?

« Bz
K&%(xz,t) = = e t>0).
(1) 5\ Tmrem (t>0)

Furthermore, fort € (0,T] and 1 =0,1,2,3, we have the estimates

||)\E,Ct

IN

14 e (0,:22m)) T IIUOlle (3:5)

10, u® “Nez,) + \V 20 Ha Uol| 2 (g)- (3.6)

Proof. Consider in Qr the initial-value problem

{)\t_>\mm+)‘:gv (37)

(P (0,t;L2(R))

1A=

IN

()

)\(,O) = Ug,

for g € L (0, T; LQ(R)) and uy € L2(R). We define the Bessel potential

1 =2
e w ift >0,
B(l’,t) = V%
0 if t <0.

~

Arguing as in [7, Examples 1 and 2, pages 186-188, Remark page 51|, we see that any
bounded solution of the initial value problem 3.7 satisfies

AMz,t) = /O/RB(w—yﬂf—S)g(y78)dyd8+/RB(w—y7t)uO(y)dy

t
/0 (B(t —s)*g(s)) (z)ds + (B(t) * uo) (z),
where we denoted by “x” the convolution with respect to the x variable. Here and below
we often use a functional notation and then drop the dependence on the variable x.

The uniqueness follows by [7, Theorem 7, §2.3]. To find the representation formula
for A* we divide the equation (1.6), by «, denote a = /a, b = ve%/a, and then make
the change of variables t' = t/a, 2’ = x/v/b to reduce to the equation in (3.7) with u®®
replacing g. Then, the kernel B becomes

a B8 _oy Ba? .

o - TR if >0,

K%, t) =9 B\ 4mvye?t ! =
0 if t <0,
and the solution is given by
t /8 _
A5 (x,t) = / (K=%(t — s) xu™%(s)) (z) ds + o (K=(t) *x uo) (2), in Qr. (3.8)
0

This proves (3.4). To prove (3.5)—(3.6) we notice that for every ¢ > 0 we have

/Kso‘xt

at

-5 (3.9)

E\Q



and then |[K=%| 1 gyg+) = 1. We first apply Minkowski’s inequality to (3.8) and then
Minkowski integral inequality [1, Theorem 2.9]; we obtain

AN

t
« (03 « /8 [e3
AT L2 gy / 5% = 8) % u™(8) | p2 gy ds + = | K5(E) % wol| 2wy
O a

IN

t
g, g, B g,
/0 [ K=t = )l gy 1w (s)||L2(R)ds+a||K' Ol Ly llwoll 2 )

We fix any 7 € (0,77]; by (3.9) we deduce

t
A Loe 0,mL2@m)y) < tS[L(l)p]/o =% (8 = )| .y 1™ ()| L2y ds + [l 2w
€|0,7
< (1 - e’FT> 1=l Lo (0,722 + N0l 2y,

whence (3.5). We now consider (3.6); it is clearly sufficient to prove this estimate in the
case [ = 0. By (3.8) it follows that

||/\€’a||L2(Qt) < ||U67QHL2(Qt) + \|U§’a|\L2(Qt)7

where US* and U;"” denote the summands in (3.8). By Holder inequality we have

/ </ot JEee - sa— ue g ac ds> a
: /R </ot/RKE’a“ s =d) d5d5> | (/Ot/RKE% s —§)|u5’a(8,§)|2d§ds> de

t
§/ ge*%(‘ffs)||u":’o‘(s,.)H%g(R)ds.
o B

Now, we integrate in time to deduce

T t
2 O _opg
IIUE’QIIL:»(QT)S/O /0 3° SO s (s, ) |3 gy ds dt
_ T [Ma 7%(2675) £, 2 dtds < e, |2
— ) L Ee [|u (Sﬂ')HLQ(R) s < lu ||L2(QT)'

The estimate of ||U5*|| ;- (. is proved by using Holder inequality as above:

! €, 2 o _2a. «
/O /R(/RK (t,x—&)uo(rf)o%) dzdt < ﬁ(1—e 5 )HUOH%Q(R) < %Huonig(m

Then
||[ ’ ||Z2 )] <— “ HUOHL2 R)-
0 (f .,.) 2: ( )

This proves (3.6). O

We point out that a much shorter proof of Lemma 3.3, which does not require a
representation formula of A*** in term of u*“, can be obtained by “energy methods”. For
instance, to obtain an estimate analogous to (3.6), | = 0, one multiplies (1.6), by A®,
integrates with respect to space and finally uses partial integration. However, this proof
provides slightly worse constants and requires more regularity on A\*¢.

An estimate of || \;"® I 22(q,) could be deduced by exploiting directly equation (1.6), jointly
with (3.6); we omit it since we shall prove in a better estimate in Corollary 3.7.



A natural energy for (1.1) is the van der Waals’ type energy

2

Eff[u]:/R(F(qung) dz. (3.10)

The energy (3.10) is dissipated by any smooth solution «® of (1.1) in the sense that
4 (E*[uf(.,t)]) <0,fort € (0,T). Another global e-independent control on the evolution
of the solution of (1.1) is given by the L?-norm of u¢.

The role of E¢ for the elliptic approximation (1.5) considered in [6] is taken by

5%, N = /R (F(u) + %(u — A+ 7;2&) dz.

We refer to [24, 25] for the variational analysis of £°% and to [4, 18, 19, 21] for related
functionals. Again, the L?-norm of solutions to (1.5) is uniformly bounded, now with
respect to € and « [6].

Now, we introduce a further generalization of the energy E° for the parabolic approxima-
tion (1.6). This is
@ €

E%u, A = /R (F(u) + §(u — A+ 2(75 + B)Ai) dx. (3.11)

It formally collapses to £5°% setting § = 0. We will show that both the energy E=“ and
the L2-norm of the solution are bounded uniformly with respect to ¢ and a > 1 (see
(3.16)). Most notably, in the current parabolic case none of these two estimates can be

derived independently as in [6, Lemmas 3.2 and 3.3] for the elliptic approximation (see
Corollary 3.6 below).

Lemma 3.4 Let Assumptions 3.1 and 3.2 hold. Then, for all t € [0, T| we have the
estimate

¢
/(ug"")2 da:Jrs/ /(u;’o‘)Z dzdt
R o Jr

2 2 t
< i/ /(Aia)? dxdt+/(u0)2 dz + &/(uo,x)Q dz.
€ Jo Jr R 2a Jr

Proof. We drop the upper indices and write for simplicity (u,A) = (u®%, A*%). From
the regularity assumption (3.3) and Morrey’s estimate (see, e.g., [7, §5.6.2] or [5, Cor.
VIIL8]), we deduce that [0Lu(z,t)| — 0 as |z| — oo, for every ¢t € (0,7] and I = 0,1, 2.
By multiplying (1.6); by w and integrating with respect to x we find

1d
= u2dx+5/(uz)2dx:a/(uf)\))\zdx,

or, in the time-integrated form,

t t
1/(u(-,t))2 dx—i—s/ /(ugg)2 dxdtzl/ug dm+a/ /(u—)\)/\x dzdt.
2 Jr 0 Jr 2 Jr 0o Jr

Using (1.6)2, we obtain

%/R(u(-,t))2 dm+6/0t/R(ul.)2 dxdtz%/ﬂ{u% da:+ﬁ/0t/R/\£>\t dedt.  (3.13)

Here, we exploited the fact that A\Z>* — 0 as || — oo because of Lemma 3.3 and then
argued as above. By the help of the basic inequality

(3.12)

2

b
ab < pa® + —

3.14
<pats (314)



which holds for every a,b, p > 0 [7, (5) page 622] and estimate (3.6), we deduce

t t
ﬁ//Aw)\tdacdtgp/ /()\ dxdt—i——//)\t dz dt
o Jr 0o Jr
t
SQp//(um dxdt+—//)\t ddtJr—/uof dz.
o Jr

Choosing p = £, by (3.13) we obtain (3.12). O

Due to the uncontrolled first term on the right-hand side of (3.12), Lemma 3.4 does
not yet provide a uniform estimate with respect to ¢ of the L?-norm of u®®. This is
achieved by requiring that S is small with respect to €, as in the following result where
we consider the evolution of the energy E°<.

Lemma 3.5 Let Assumptions 3.1 and 3.2 hold. Then, for all t € [0, T| we have the
estimate

J{Faee + G e Soet g bas+
R
¢
[ [ {e (amrraes v a e -age)? £ a206202) + 505 fasar
0o Jr
€
= / {F(UQ) + 5(’}/8 + ,6)(“0,;5)2} dx . (315)
R
Moreover, for B < ;7 we have the estimate
EE‘,O&[ 5,&( ) AE,&( L)} EE,Q[UO,UO]
o2
< LHUO”LZ(]R)+ HUOIHL2(R) ||)‘E7 H 2 (3.16)
—= (afjus x ST, o o >)

Proof. Asin Lemma 3.4 we write (u, A) = (u®%, A>*). We also recall the decay properties
of |0lu(z,t)] and |9.\(z,t)| for |z| — oo, for i = 0,1,2 and ¢t € [0,7], mentioned in
Lemma 3.4; they are used below to justify integration by parts. We multiply (1.6); by
f(u) = F'(u); then we multiply again (1.6); by a(u — A) and (1.6)2 by A;. Finally, we
integrate with respect to x and obtain

jt d»’”/f 55:5/Rummf(u)dx*0‘/R(U*A)mf(u)dx, (3.17)

a/Rut(uf)\)dz+a/Rf(u)x(uf)\)dx zsoz/Rum(uf)\)dx

- C¥2 u — u — dx

6/R()\t)2dx—'ys2/R)\m)\t dr = a/R(u— M da . (3.19)

We notice that

/um(u—)\)dx: —/(uw)de—/u)\mdx
R R R

2
- —/(uz)2dx+/()\m)2dx+ * 2 dy — 7/>\m>\t d . (3.20)
R R

« ]R

The second line above was obtained by plugging the expression of u deduced from (1.6)s
into the first line. Summing up (3.17)-(3.19) and taking into account (3.20), we obtain

& L{Fw+ Su-ar s Ser-monrfan
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+/ {2 )21 (W) + 2a(ue) + B(0)? } do = s/ {aOn)? 982 (\)? b de. (3:21)
R R
Moreover, by (1.6)2, we observe that
12 [ do =92 [ {2Ahass + () do
R R
_ / {2000 + 20000 + 2800 A + 922 (0e)* b da
R
Then,
/ {a(ux)z —a(M)? — 782()\951;)2} dz = / {a (e — Ao)? + 28N Ae + 752()\3”)2} de.
R R

Plugging this expression into (3.21) we obtain

d
at Ju

+ /]R {6 ((uI)Qf’(u) +o(ug — X)) + ’762()\951)2) + ﬁ()\t)2} de=0. (3.22)

[P+ G- ap s S0+ H02 pan s

| Q

If we integrate with respect to ¢ we obtain (3.15). To deduce (3.16) we simply use
Lemma 3.4, the non-negativity of F' and the assumption 8 < ;7. (]

We observe that equality (3.15) cannot be fully exploited when deducing the inequality
(3.16) since the sign of f’ is not prescribed. Of course, if f is increasing and thus F is
convex, the energy E*°“ is decreasing. We have however the following result.

Corollary 3.6 Let Assumptions 3.1 and 3.2 hold and assume 3 < 5. Then, the follow-
ing estimate holds:

g, g, /86 1 £,
[u= (s O 2y + elluz®Ze(,) < 2luolle@) + EHUOJH%Z(R) + 7B [uo, uo]. (3.23)
Proof. Since the energy F*® is non-negative, by (3.16) in Lemma 3.5 we deduce

B a2 o Lﬁé‘
5 || AF HLQ(Qt) < E5%[ug, uo] + Llluol|72 g + ﬂ”uo,mﬂiz(m

We plug this estimate into (3.12) of Lemma 3.4 and obtain
[ (s O[T 2y + ellug [ F2(q,) <
(1 + “/zL) o132z + g <2L/3 + ;) o, |72 ) + ?Ea’a[umuo]. (3.24)
Then, estimate (3.23) follows because 3 < 7. O
Note that in the case of 3 = 0, (3.24) reduces to the estimate shown in the elliptic
case in [6, Lemma 3.2]. In the next Corollary, we summarize the most important a-priori

estimates for the subsequent analysis.

Corollary 3.7 Let Assumptions 3.1 and 3.2 hold and consider the initial energy

E5[ug, ug) = /R <F(u0) + g(we + B)ué,m> :

11



Then, E*%[ug,uo] is uniformly bounded with respect to e >0 and 0 < 8 < 7 as

L €
< 3 5(75+ﬁ)”U0H§11(R)' (3.25)

Moreover, there is a constant C' = C(L,v) > 0 such that

E=*[ug,ug] < & uo |2y +

2 2 o2
masx {eallu® = 3170, 70 1N 2 0y, BIN I

, ) (3.26)
< O(luollfaqg) + (e + B)luollirgey )

and

max {3 0220y 5 12 }
B
< o<(1+5 et ry + Bl 71 gy | -

Proof. Estimate (3.25) simply follows by (3.2) while estimates (3.26) and (3.27) are
consequence of (3.16) in Lemma 3.5 and Corollary 3.6, respectively. O

(3.27)

4 Wellposedness of Classical Solutions

In this section we prove that the initial-value problem (1.6)-(1.8) is well posed. By this
we mean that, for any sufficiently smooth initial data wg, problem (1.6)-(1.8) admits a
unique classical solution that is globally defined in time.

Indeed, by slightly strengthening the assumptions on the initial data ug in Assumption
3.2, we show the existence of a solution u®* as in (4.1) and therefore more regular of what
was required in (3.3). The additional derivative in the variable z plays a crucial role in
the following Section 5 and this is why we state Theorem 4.1 under this form. Clearly, the
existence of a solution in u®* € Cf(Qr) N L> (0,T; H3(R) N W3 (R)) for initial data
ug € H3(R) N W3°°(R) is a by-product of the proof.

We stress that the requirement of Assumption 3.1 in the next result is made only for
sake of simplicity: the weaker condition that f’ € C? satisfies | f/(u)| < L is sufficient.

Theorem 4.1 (Global existence) Let Assumption 3.1 hold and assume ug € H*(R) N
W4hee(R).

Then, for any e,a > 0, 0 < 3 < ;7 there is a unique classical solution (u*%,\>%) of
(1.6)-(1.8) defined in (0,+00) x R. Moreover, for any T > 0 we have

ue € Cf((o,T] X R) nL® (O,T; HY(R)N W4’°°(R)) . (4.1)

Proof. Since ¢, a and f are fixed in this proof, we drop the upper indices and write (u, \)
for (u®, A=*). We reformulate system (1.6) as

2zt — k(€) 2z + (2)e = g(2), (4.2)

where z = (u, \)7, 20 = (ug,up)” and

o (S 72) o) — (f(U)Jrg(u)\)) = (g(u()_ A)).

The norm in the space R , is defined as |z| = max{|ul, [\[}. The fundamental solution
of the diagonal operator z; — k(€)z,, is K = (K1, K3) with

2

Ko=) Teme T ift>0,
0 ift <0,

12



for d; = £ and do = 72 /3. To obtain (local in time) existence and uniqueness of solutions,
we define the fixed-point mapping

t t
L2(t) = K(t) * 20 — / 0. K (t —s) xh(z(s))ds + / K(t—s)*g(z(s))ds.

0 0
Since g is linear with respect to z and defining C = 2%, for 7 =0,...,4 we have

1029(2) (1)l e () < CullBF2 (1) o (m)
1029(2) ()| 22ry < C1l|O22() | 2 (w)-

We fix Tj > 0 to be chosen sufficiently small later on. For ¢ € [0, Ty] we have

t
[1L2()] oo (r) < l[uol| oo r) + <01T0 +2(L+04)/ 102 K1 (t = 5) |1 (r) ds) 121l Lo (21,)
0

< Juoll o= (r) + (C1To + 02\/T0> 121l Lo (@1, )5

for Cy = 4(L+ ) /+/me. This mapping is contracting for Tj sufficiently small, yielding the
existence and uniqueness of the solution in L>° (g, ). Following the same steps as above,
one can show that z € L>(0, Ty; L*(R)).

To prove that z € L°°(0,Ty; H*(R) N W*>°(R)), we argue as above and in Section 3.
First, we have

K (t) * uol| 72wy < 1K1 (8) % uol|F2ry + [1K2(t) % uol|F2m) < 2l|uoll7z -

Moreover

t
/ Kot — s) + Dag(=(s)) ds <t 1009(2(5) |2~ (0.0
0

L2(R)

< Chit|ze|l Loo (0,4502 (R)) -

At last,

2Vt
< ——=(L +20) |2zl L (0,6;L2(R))
L2(R) \TTE

< CoVt|| 2zl Lo (0,0, L2(R)) -

/O "0 Kt — 5) % uh(x(s)) ds

AS a consequence,
102L2 | Lo (0,10:22 (R)) < V2l [0l 1 Ry + (ClTo + Cz\/To) 1022l Lo (0,70; L2 (R))-

Defining | = C1Ty + C3v/1p and using a fixed point argument, we deduce

To
10222 0.75:22m0) < T Iluoll @

for Ty sufficiently small to obtain [ < 1. Now, we follow the same lines as [23, Lemma
6.2.4], with the above modifications to exploit the higher regularity of ug. In particular,
we use the L bound of u proved above to control the derivatives of f; here we need that
f € C3. Then, we can deduce the following bounds, for j =1,...,4:

10221 Loe (z,) < Clluollwa.os ) 1ol 1 (e))

||3iz||L°c(o,To;L2(R)) < C(””OHW““’(R)v ||UO||H4(R))-

13



To extend the solution up to time 7', note that for any 7' > 0 and 0 < t < T we have
by (3.5) and Corollary 3.6

[2( llz2@) < [l )llz@y + AC Dl L2 @)
< Clluol| g1 (w)-

The proof of [23, Theorem 6.2.7] is therefore still valid and yields the existence of classical
solutions in L>°(0, T; H*(R)NW%°(R)) for all T > 0. Using Sobolev’s embedding theorem
for H*(R) and equation (4.2), we also get z € C3([0, T];R) for all T > 0. O

5 Uniform boundedness of classical solutions

The main result of this technical section is Lemma 5.1, which shows that the L?-norms of
the derivatives of u®® up to order 3 and the time derivative uy’® are uniformly bounded
with respect to a. By Lemma 3.3 analogous bounds can be deduced for A*. Furthermore,
a uniform L*-bound for u®® is given in (5.3). We point out that the latter can be easily
proven by an embedding argument and requiring only u®* € L>(0,T; H'(R)); however,
this approach does not prove that the bound is independent of «. Below, the assumption
that up € H*(R) and then the existence of solutions in C3$(Q7) N L>(0,T; H4(R) N
W4>°(R)) is needed to justify partial integrations in the proof. At last, notice the stronger
scaling (1.10).

Lemma 5.1 (Uniform boundedness for higher-order norms) Let (1.10) and the
assumptions of Theorem 4.1 hold. Moreover, assume 8 < ;7.

Then there exist three continuous, monotone increasing functions C;(g,-) : [0,00) —
[0,00), i € {1,...,3}, which depend on ||uo| 3wy but are independent of o and such
that

1w 20,1103 my) + 1 L2,y < Calest) (t €10, 00)), (5.1
165 oo (0,652 () < Cale,t) (t €[0,00)), (5.2)
”u‘g’CE |L°C(Qt) < CS(Eat) (t € [07 OO)) (53)

Furthermore, there exists a continuous, monotone increasing function Cy(e;-) : [0,00) —
[0,00), depending on ||ug|| g3 w) but independent of o such that the following estimate holds
for allt € ]0,00):

eallug — )\mH%Z(o,t,m(R)) + ﬂ||/\£tH%2(0,t,H2(R)) < Ca(e, ). (5.4)

Proof. First, estimate (5.3) follows by (5.2) because of the embedding of H?(R) into
L*>=(R).

So we are left to prove (5.1), (5.2) and (5.4). We use again the notation (u,A) =
(u=*, A%%). Remark that uniform estimates on [|ul 12 7,51 r)) a0d e||luz — Azllz2(0,) +
Bl Aztllz2(q,) are already contained in Corollary 3.6 and Corollary 3.7. We divide the
proof into four steps.

Step 1: estimate of |[uzxl|f2(q,)- The main idea of the proof is to make use of the
energy estimate in Lemma 3.5, which involves the energy functional F=%. We define
v =u, and p = A,. Differentiating (1.6) with respect to z we see that v and p must solve

v + f(u):cx = EVgy — a(v - :u)ﬂ“
(5.5)
Bru — V€% phoe = (v — p).
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First, we multiply (1.6), by p; and then integrate with respect to x; we find

ﬁ/ut)\tdx—wsz/,ut)\md:r:a/ut(u—)\)dx.
R R R

The first summand in the left side vanishes and by partial integration we deduce that

/,utpxdx: %/)\t(uf)\)zdx. (5.6)
R veT JRr

Second, we multiply (5.5); by v and then integrate with respect to x. It follows that

1
1d v? da:—&—s/(vw)de: —/f(u)mvdx—I—a/uwvdm
2dt Jg R R R

SL/ |va|dm+a/ux(v—,u)dx
R R

L
SLm/(vx)deﬂLf/’U2dw+ﬂ/utumdx,
R 4p1 JRr R

by (3.14). If we choose p1 = 5= and exploit identity (5.6) we deduce that

1d £ 9 L?
— < - —
BT vdx+2/ﬂ§(vl)dx_2€/vd+ /)\tu

Now, it is time to apply 3.5 and its consequence Corollary 3.6. Integrating with respect
to t and using once more (3.14) we deduce that for every ¢ € [0, +00)

1 2 £ 2
3 vz + §||UI||L2(Qt)

1 2 2 2 2
< §||U0,z||L2(R) + %HU”LZ(Q,,) JF 2 H)‘t”LQ(Qt) + 3 122 [(w = Nallp2(0,)

1 2
S 5 ||u07a:||L2(R)

L 2  Ba ) LBe ) N
+ (5 2t ) (2Lluelege) + G ooy + B luavul ). 67

Due to the scaling (1.10), the right side is uniformly bounded with respect to a.

Step 2: estimates on al|vy — fiz||z2(q,) and BllptllL2(q,). We multiply (5.5); by v, then
(5.5); by a(v — p) and at last (5.5), by p;. Then integration with respect to = yields

1d
v dz + 5/(% dz + / f(u)zpvda = —oz/(vac — pz)vde, (5.8)

a/(v — pvgde + a/ fw)ge(v —p)de = ea/ Ve (0 — ) de (5.9)
R R R
6/ (11)* da — ~ve? / fapg o dz = a/(v — p)pda . (5.10)
R R R
About the right hand side of (5.9) we notice that, by (5.5),,

a/vm(v—u)dm = —a/(vz)zdx—a/vumdw
R R R
2 2
= —a/ (vs) dx—/ﬂm (ﬁut—'ys ,um—i—au) dx
R R

:g%/R(M)stc—a/R(vx)gdx+o¢/R(Mx)2dx+752/R(um)2d$- (5.11)
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Now, we sum (5.8)—(5.10) and take into account (5.11) to deduce

; (ft <02 +a(v —p)? + (752 - 65) (uz)2> dz

+ei+0) [P de+ 8 [ () do+ [ fe (o+ alo—p)do

=~ [ pdrie (o [ aree? [guar). Gz

We differentiate (5.5), with respect to  to deduce an expression for v€2 gz and obtain
_752/ (IU‘ME)Z de = ’752/ (2ﬂx/imzm + (,umm)2> dx
R R
d
=f R(“”)de_m/

vm,uxdx%—?a/(,ux)Zdac—Fst/(,um)Qda:.
R R R

Therefore,

J

/

(14 a) (v2)? — a(uz)® — e (um)2> dx

d

- IBCT (’ux)Q dz + / (UJC)Q dz + Oé/ (U;c - ,Um)2 dx + 752 / ('umx)Q de.

t Jr R R R
We insert this identity into (5.12) and use 9% \g = dlug for all i = 0,...,3 to obtain
1
5/ (v +alv—p)?+ (752 + 56) (MZ)Q) dz

/ / ( ('U:r - ,uac)2 + ’752 (Mzm)z) + 5 (ﬂt>2> dxds

= §/R (Ug @ (75 + 55) (Uo,m)2> dz + Qu, v, u], (5.13)

Qlu,v, p] = //f mvdxds—//f w)gre(v — p) dads
—a/ / ~ pa) vdads

=T+ I+ 1. (5.14)

where

About I in (5.14), by (5.7), Corollary 3.6 and the bound |f’| < L, we have, for ¢ € [0, 00),

U)gzv drds| = "(u)vyvdeds

<2LO<//UI dxds-l—//v dxds)

< Cr(e) (5.15)

where Cy is a constant independent of «.
About II, by the bounds |f’|,|f"”| < L, (5.5), and (3.14), we have

(v— (w)vg + f(u)v 2) dzds

(v—p )ox dz ds
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- 762um-) (f’(u)vl- + f”(u)vQ) dzds

IA

P 5l oul 409 762 el (02 s
< 2L? (ﬁ +752) /ot/R ((095)2 + v4> dzds
+f/ot/R(ut)zdxds+,yi2/Ot/R(um)2dxds. (5.16)

Concerning the summand ”UH%‘l(Qt) on the right-hand side, we note that by [2, (13)] we
have

oMy < K (oslZagey + [0S ) - (5.17)
Now, by (5.16) and using (5.17), Corollary 3.6, (5.7), we obtain

(v— ez dz ds

<Cr(e) B//ut dxds+—//um dzds. (5.18)

About IIT in (5.14), we notice that, by (3.14) and (5.7),

— pg)vdads

t
/(ﬁut — Y2 g )V, Az ds
o Jr

(BJr'yez / /(vz)gdxds+i/ot/R(utfdxderfété(uxx)zdxds
Crr(e / / dxds—l—WZZ/Ot/R(udexds. (5.19)

Inserting (5.15), (5.18) and (5.19) in (5.13), we obtain

IN

IN

B
eallvy = pel 720, + §||Mt||2L2(Qt) < C(e, ). (5.20)

for some function C affine linear in ¢.

Step 3: estimate of ||ullp2( 4.3 (r))- To derive this estimate, we need the assumption
u € H* We differentiate (5.5) with respect to = to obtain

W + f(U) 0y = EWaa — (W — V)4,
(5.21)
Bry — 72 pe = a(w — V),

where we used the notation w = v, = Uz, and v = p; = Agp. Analogously to the
deduction of (5.6) in Step 1, we multiply (5.5), by 4 and integrate with respect to « and
t to obtain

t
5/ /Vt%dde— 2/ /,utv— »dzds
0 JR e
§ﬁ/ /(ut)deds+4 5 4// 2dzds
0o Jr

<2+ 4533)6(E,t) (5.22)
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by (5.20). Note that the scaling (1.10) ensures that Sa = O(1) and then the term
does not depend on « in a critical way.
Multiply now (5.21); by w to obtain

1d
-— w2dx+e/(wx)2dx= —/f(u)xmwda:—i-oz/(w—u)vxdx
2dt Jg R R R

Ba
4~2g3

< /R (£7(up? + /(o) ws dz + /R vy da
§L/R(|U2\+|Ur|)|wz|dl’+5/RVthd$

L? 5
< ? (H’UH%“(R) + ||’Uw||%2(R)) + 5 /R(wZ)Q dx + B/RVtVI dx, (523)

where we used the bounds on f/, f” and (3.14). Integrating in time and using (5.17),
(5.7), Corollary 3.6 and (5.22) in (5.23), we obtain

1 c _
§||w(t)||2L2(R) + §||wx|\%2(gt) <C(e,t), (5.24)

for some function C affine linear in .
Analogously to the derivation of (5.20) in Step 2, one can also show the estimate
15} «
eallws = vollzz(o,) + 5 l1ell20n < Ce,),

where C is affine linear in ¢.

Step 4: estimate of |[utllp2(q,)- Squaring (1.6), and integrating with respect to z, we
obtain

[ ar = & [ o dos [(F@)P)? dota? [ (-2 da

R
~ 22 [ Pt dot 20 [ £ 00 - A) do
R R
- 2a/ ElUgy(Uy — Ag) d.
R
This leads to
2
ll2eay < eltwalZega + 1 @l + latu = A, 1220,
+ 25||f/(u)um||L2(Q,,)”“M”B(Qt)
+ 20 (Wl g2l = Al 2,
+ 2e||usall L2 o)l = Al L2, )

We need to prove that the term ||a(u — )‘)w”;(m) is uniformly bounded with respect to
« since this then also holds for the term [ja(u — )\)m||L2(Qt). By (1.6),, we have

2 2 2
la(u =N M7z 0y < 218Mallz20,) + 217e* A0zl 120y

The first summand on the right-hand side is 2||B|3 (9,)» Which is bounded uniformly
with respect to « by (5.20). Using Lemma 3.3, the second summand is bounded by

2 /8 2
726" (usae By + s Ninane o)

which in turn is bounded uniformly with respect to a by (5.24). The uniform boundedness
of [lut[l2(q,) now follows from (5.7) and Corollary 3.7. O
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6 Asymptotics for the Coupling Limit a — oo

In this section we analyze the limit o — oo of the system (1.6), for ¢ fixed, and prove that
solutions of (1.6) weakly converge to a solution of the diffusive-dispersive conservation
law (1.1). Moreover, we provide an estimate of the convergence rate. For simplicity,
we denote the family of classical solutions to (1.6), (1.8) by {(u*, A\*)}, dropping the
superscript index e.

Theorem 6.1 Let (1.10) and the assumptions of Theorem 4.1 hold. Furthermore, let
€>0,0< B < 57 and denote by {(u®,\*)}a>0 the family of unique classical solutions
to (1.6), (1.8), as provided by Theorem 4.1. At last, fit any T > 0.

Then there exists a subsequence of {(u®, A*)}as0, still denoted by {(u®, A¥)}as0, and a
function u € H*(Q7) N L2(0,T; H3(R)) such that:

(i) we have
u® = u in H'(Qp) N L*(0,T; H*(R)) for a — oo,
XY~y in HY(Qr) N L2(0,T; H3(R)) for a — oc;

(ii) there exists a positive constant C(e, L,T), depending on ||uol| g3(w) but not on o such
that

[u® =l L2ormr ) + U = ull s o iz2my) < Cle, L,T) - a7 % (6.1)

(i1i) w is a distributional solution of the initial value problem (1.1), (1.8), i.e.,

T T
/ / wpr + f(u)p, dedt + / uop(0,.)dedt = / / —EUP Ly + VE UYL da dE
o Jr R o Jr

(6.2)
for all p € C§°(]0,T),R).

Proof.

(i) Due to Lemma 5.1, we know that the sequence {u®},=¢ is bounded uniformly with
respect to a in the reflexive space H'(Qr) N L2(0,T; H3(R)). We can thus deduce
the existence of a function u € H*(Q7) N L2(0,T; H3*(R)) and of a subsequence (still
denoted by {u®},s0) such that u® — u in H'(Q7) N L%(0,T; H3(R)), as a — oc.
This also implies du® — dyu and Ju® — dIu in L*(Qr), for j =0,...,3.

Due to Lemma 3.3, also the sequence {\*},>0 is bounded and, analogously as above,
we can deduce the existence of a function A\ € H*(27) N L?(0,T; H3(R)) and of a
subsequence such that A* — X in H'(Qr) N L?(0,T; H3(R)).

To prove that A = u, we observe that by (1.6)y we have, for all y € H'(Qr) N
L2(0,T; H3(R)),

T T T
/ /)\o‘ydwdtz/ /(Aa—ua)ydacdt+/ /u(’ydxdt
o JRr o Jr 0o JR
T 8 T 1 T
:/ /)\f‘ (y> dxdtf/ /’yszAg‘z <y> da:dtJr/ /uo‘ydxdt.
0 JR o 0o JR «a 0o JR

By the scaling (1.10), the weak convergence of A\, A%, u® and the strong con-

vergence of 2y, 1y we thus obtain A* — w in H'(Qr) N L2(0,T7; H*(R)) by the
uniqueness of the weak limit.

(11) First, we note that the sequence {v/BA% }o>0 is bounded uniformly with respect
to a because of Lemma 5.1. By the weak convergence of A* and its derivatives we
deduce

T T T
[ [tz —xpyazar= [ [ VExa(/Anasar- [ [ e pdoar
0 R 0 R 0 R
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T
— —/ /W£2uzmydxdt. (6.3)
o Jr

for all y € HY(Qr) N L2(0,T; H3(R)). By (1.8) we have u®(0,.) = ug, which of
course converges strongly to ug. Due to the continuity in time of u® and u, we have
u(0,.) = up in L?(R). From the weak convergence of (u®)s>0 and (6.3), we deduce
that u fulfills

T
/ / (ut + f(u)x — EUgy — 752'%0:536) ydxdt =0, (6'4)
0 R

for all y € HY(Qr)NL%(0,T; H3(R)). We define y® := u® —u. Since y® € H (Qr)N
L?(0,T; H3(R)), we can use it as a test function both in (6.4) and in the analogous
expression for u®. Subtracting these two identities we find, by (3.14),

3 [ »dx—f/k dx+5/ /yl(u&
/ / y“"dfdt_/ / = A7) +e uxx:z:):U dw dt
/ / )y dwdt — / / B + 7% (Aaw uxm)) y* dz dt
B 401 /

/ da;dt—i—pl/ /(yg)2dxdt+2p2/ /(ya)2dxdt
492 / / 4P2 y v

Now, we choose p1 = § and p; = 1/2. By Lemma 5.1 and noting that y*(0) = 0,

we have
1/@%nfm+€/m/wm%um

<+1>// dmdt—l-f// 24 dt

2dzdt

acaca: - ;caca:

0

<+1>/ / )2 de dt + = ( 3>C4(6,T). (6.5)

Therefore the following estimate holds true:

o 2v2¢3 L? r o
|wavaR_G+ )@@ﬂ+<€+%4wwﬁmﬂt

Since C4(e,T) is a constant, by Gronwall’s inequality we obtain

|W(ﬂwm_2<

Combining (6.5), (6.6) and (1.10) yields (6.1).

7’ ) Cale, T)e(5H2)T (6.6)
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(iii) By the weak convergence of \* and the scaling (1.10) we deduce SA* — 0 in L2(Q7).
Any classical solution u® of (1.6), (1.8) fulfills

T
/ /Ua%'i‘f(ua)%dxdt-i-/uoapdx
o Jr -

T
= / / suaspmc + 752>‘a§0xmm + ﬁAOé(Ptac dz dt )
0 R

for all ¢ € C§°([0,T);R). Since C§°([0,T],R) C L?*(Q2r), we obtain by weak conver-
gence that

T T
/ / wpr + f(u)p, dedt + / ugpdr = / / ULy + VE Uy da dE .
o Jr R o Jr

for all ¢ € C§°([0,T); R), which proves (6.2).

7 Asymptotics for the Sharp-Interface Limit ¢ — 0

In the previous section we studied the limit ov — oo of the system (1.6) for e fixed. Here
we consider the sharp-interface limit € — 0 for fixed values of a > 0.

For any initial datum uy € L?(R) there is a family u§ € H*(R) N W*°°(R) of smooth
approximations of wug satisfying

lim, 0 ||U0 - ugHLZ(R) = 0, (7 1)
u§ll o) T ellugll @y < Ko for every e > 0, '
where Ko = Ko([[uol|f2(z)) > 0 is a constant independent of e. From Theorem 4.1 we
know that there is a family of classical solutions to (1.6) with initial datum u§. To keep
notation short, we denote this family by {(u®, A*)}.>0, dropping now the index .

We prove below that if the coefficient 5 is suitably scaled with respect to €, then the
solutions {u®} of (1.6) with initial datum u§ converge for e — 0 to a weak solution u of
the homogeneous equation (1.2); moreover, u(.,0) = uo in a weak sense. More precisely,
we have the following result.

Theorem 7.1 Assume that f € C3(R) satisfies |f'| < L for some constant L > 0 and,
moreover, that

meas{u € R: f"(u) =0} = 0. (7.2)

Let ug € L3(R) and consider ug € H*(R) N W4>(R)) satisfying (7.1). We choose 3 =

eO(a™t) be given such that
€

B< 7 (7.3)

Then, for a family {(u®, X%)}eso of classical solutions of (1.6) with initial datum ug,
there is a subsequence of {(u®, A\%)}eso still denoted by {(u®, \)} and a function u €
LP(Qr), 1 <p <2, such that

e>0

u, N s uwiim P (Qr) 1<p<2).

loc

Moreover, u is a weak solution to the initial value problem (1.2) with datum ug € L*(R),
i.e.,

T
/ /ugpt + f(uw) g, dedt + / up(.,0) dz =0,
o Jr R
for all p € C§°(R x [0,T)).
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From Section 2 we know that the limit solution u can contain undercompressive waves;
then, it may fail to be a Kruzkov solution.

The proof of Theorem 7.1 relies on the compensated compactness theory [17] in the
LP-framework [16, 22]. We recall that an entropy pair (1, q) for (1.2) is a pair of functions
of class C?(R) satisfying

7 () f'(w) = ¢ (w)

for every w € R. In the following, we consider entropies satisfying the condition
7 (w)| + " (w)| < O, (7.4)

for every w € R. The following compactness lemma will lead to the proof of Theorem
7.1. Tts proof is similar to that of an analogous result in [20]; see also [6]. We denote by
M(Q) the set of Radon measures on some open set Q.

Lemma 7.2 Let the assumptions of Theorem 7.1 be walid and consider the family of
classical solutions {(u®, A%)}es0 of (1.6) with initial datum uf defined above.

Then, for every open bounded set Q C Qr there exist a compact set K C W=12(Q) and a
bounded set B C M(Q) such that

n(u)e +q(u®). € K+ B,
for every entropy pair (n,q) satisfying (7.4).
Proof. We multiply (1.6) by 7'(u®) and obtain
1(u)e + q(u)e = enu®)ae — e (u)(uz)? — a (' (u) (u = X%)) , + an’ (u)ug (u” = X°)
= A7 + A5+ A5 + AL

In the sequel we use the notation (-,-) both for the duality of H=*(Q) and H}(Q) as well
as for the one between M(Q) and C°(Q). We will prove that A5, A5 € K and A3, A5 € B.
We notice that the estimates in Corollary 3.7 hold because of (7.3).

Let ¢ € H(Q) and consider

(AT, )| < E/Q ' (u)uzpe| dz dt < Crellugll gz g Pl L2 (q)-

By (3.27) in Corollary 3.7 we obtain

B - - 1/2
(A5, 9 < CpVOVE((1+ B )l aqm) + Bl gey) 9l o

and then, by (7.3) and (7.1),

1/2

K2 e—0
) el =0

€ 1 2
(45, )1 < CuVOVE((1+ 17 ) ol ey + 7o

We turn to A5 and observe from equation (1.6), that

(45.0) < a /Q | () — X)py | dardlt
e / 1825 — 420, ||| dadt
Q
< Co (BIX N2y + 1525l agy ) 1l -

With Corollary 3.7 this leads to
1/2
1045, 901 < Co(v/B + VIEIWT (2 + e + Al ) Ilney
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Condition (7.3) and (7.1) ensure then |[(A§, p)| — 0 for e — 0.
It remains to analyze A5 and Aj. In view of (3.27) in Corollary 3.7 it is straightforward
to verify for any ¢ € C°(Q)

(A5, ) < CoC (1 + B 5132 ) + Bl I3 ) ) 14l o -

Once again, condition (7.3) and (7.1) show that |(A§,%)| is uniformly bounded with
respect to . For the remaining term A§ we have, for any ¢ € C°(Q),

(A5 < o /Q I (4l (uF — 2| drdt
c, / 18X + 72| [l ] dadt
Q

Gy (5||)\§HL2(Q) +’752||)‘§mHL2(Q)) ||U;HL2(Q)H¢||CU(Q)'

IN

IN

Estimates (3.26) and (3.27) in Corollary 3.7 apply to bound [(A3,%)| uniformly with
respect to €. O

With this compactness result we can finally prove Theorem 7.1.

Proof of Theorem 7.1. The family of norms ||u®||z2(q, is uniformly bounded, because of
Corollary 3.6 and (7.1). By Lemma 7.2 and the results in [16, 17] we deduce that u® — u
in LY (Qr), for 1 < p < 2. In particular, the Lipschitz bound on the flux and condition
(7.2) are necessary to apply the results in [16].

In order to prove that the limit function u solves (1.2), consider any ¢ € C§°(Rx[0,7T));
then

/ (UE%Jrf(uE)@m)dxdtJr/ uge(.,0) dz
Qr

R
= —5/ U Ppp do dt — a/ (u® — A%)p, dzdt.
QT SZT

We showed above that the sequence {u°} converges in LT (Qr) for 1 < p < 2; therefore,

loc

and using (7.1), the left side of the identity above converges to

/ (upr + f(u)ps) dtder/ uop(.,0)dx .
Qr

R

By the same reason, the first term on the right side vanishes in the limit. At last, by
(1.6),, the second term equals

- /QT (mg - 752A;m)% dadt.

This term vanishes in the limit € — 0 due to (7.3) and the estimate (3.26) in Corollary
3.7.

The convergence A\° — u is an immediate consequence of the parabolic equation (1.6)s for
A¢ and (3.26). O
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