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Finite Groups with Sylow numbers {qx, a, b}
by Iris Köster

Let G be a finite group and let π(G) be the set of prime divisors of the
order of G. The number of Sylow p-subgroups in G is denoted by np(G)
and sn(G) = {np(G) | p ∈ π(G)} is called the set of Sylow numbers of G.

A series of articles studies finite groups with given Sylow numbers in
order to get criterions for solvability. Groups with odd or prime power
Sylow numbers [Guo96] are solvable as well as groups with less then 3
Sylow numbers [Luc98].

Florian Luca stated in [Luc98] the following result.

Theorem. A finite group G is solvable provided one of the following
conditions holds.

a) sn(G) = {a, b},

b) sn(G) = {1, a, b},

c) sn(G) = {qx, a, b}, where q is a prime number and either gcd(a, b) = 1
or q - ab.

Unfortunately the proof is based on [Zha95, Theorem 1] which has been
disproved by a counterexample in [Chi98].

In [Mor12] Alexander Moretó verified part a) of the theorem. The purpose
of this note is to establish parts b) and c). The second assertion has been
proved in my Master thesis ([Koe13, p. 30]) whileas the proof of the third
part is new.

Note that [Zha95, Theorem 1] and [Zha95, Theorem 3] are valid for groups
which do not have a composition factor isomorphic to the projective
special unitary group U3(2 f ), where f is even and not divisible by 3. For
such groups Luca’s proof given in [Luc98] remains vaild. Thus it suffices
to establish the following fact.

Proposition 1. Let G be a group with Sylow numbers sn(G) = {qx, a, b}.
Then G does not have a composition factor isomorphic with U3(r) where
r = 2 f , f is even and not divisible by 3.

Proof of part Proposition 1. In [Chi98, Proof of Theorem 1] the Sylow
numbers of U3(r) are given as

sn(U3(r)) =

{
(r + 1)(r2

− r + 1),
r3(r3 + 1)

2
,

r3(r − 1)(r2
− r + 1)

6
,

r3(r + 1)2(r − 1)
3

}
.
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We have to prove the following claim: every Sylow number np(U3(r)) of
the projective special unitary group is divided by at least two different
primes. It is obvious, that r3(r3 + 1)/2 = 23 f−1(23 f + 1), r3(r− 1)(r2

− r + 1)/6
and r3(r + 1)2(r − 1)/3 are divided by 2 and at least one odd prime.

We analyse the greatest common divisor of (r + 1) and (r2
− r + 1): gcd(r +

1, r2
− r + 1) = gcd(r + 1, r2

− r + 1 mod r + 1) = gcd(r + 1, 3 mod r + 1)
either is 1 or 3. If gcd(r + 1, r2

− r + 1) = 1 the claim follows immediately.
If gcd(r + 1, r2

− r + 1) = 3, then either r + 1 or r2
− r + 1 is divided by 3 but

not by 9. r + 1 as well as r2
− r + 1 are greater than 5, so one of the factors

owns a prime divisor s , 3.

Suppose H � U3(r), r = 2 f , f even and 3 - f , is a composition factor of G.
By [Zha95, Lemma 1] np(H) divides np(G). None of the Sylow numbers of
H are of prime power order. Therefore np(H)|ab.

Note, there exist primes p1, p2 ∈ π(H) with np1 (H)|a and np2 (H)|b: Assume
p2 ∈ π(np1 (H)) for a p1 ∈ π(H) and np1 (H)|a. Then np1 (G) = a. Therefore
np2 (G) ≡ 1 mod p2 cannot divide a. Due to the fact that np2 (H)|np2 (G) is
no prime power, np2 (G) cannot be a prime power and np2 (G) = b. Because
of np2 (H)|np2 (G) = b the sylow number np1 (H) has to divide b.

Assume gcd(a, b) = 1. Without loss of generality we suppose np(H) =
(r3(r3 + 1)/2)|a for one p ∈ π(H). There exist a sylow number ns(H) in H
with ns(H)|b for one s ∈ π(H).

We consider ns(H) = (r+1)(r2
−r+1). Then gcd((r+1)(r2

−r+1), r3(r3+1)/2) =
r3 + 1 , 1. Choose k ∈ π(r3 + 1). k divides np(H) and ns(H) and it follows
k|gcd(np(H),ns(H))|gcd(a, b) = 1. So r3

− 1 can’t divide b.

Suppose ns(H) = r3(r − 1)(r2
− r + 1)/6. Then r3(r2

− r + 1)/6 , 1 divides
gcd(r3(r− 1)(r2

− r + 1)/6, r3(r3 + 1)/2). Choose k ∈ π(r3(r2
− r + 1)/6). Then

k divides gcd(np(H)|ns(H))|gcd(a, b) = 1 and k = 1. It follows ns(H) ,
r3(r − 1)(r2

− r + 1)/6.

Assume ns(H) = r3(r+1)2(r−1)/3. Then r3(r+1)/3 is a divisor of gcd(r3(r+
1)2(r − 1)/3, r3(r3 + 1)/2). Choose k ∈ π(r3(r + 1)/3). As before it is k = 1.
We conclude, all sylow numbers of H divide a and do not divide b, a
contradiction to the fact, there has to be one sylow number which divides
b.

Suppose q - ab. There exist sylow numbers np1 (H),np2 (H) with np1 (H)|a
and np2 (H)|b. Note, that gcd(np1 (H),np2 (H)) , 1 for any sylow numbers
of H. Choose k ∈ π(gcd(np1 (H),np2 (H))). It is nk(H) ≡ 1 mod k. Because
of k|gcd(np1 (H),np2 (H))|gcd(a, b) and nk(H)|nk(G) ∈ {qx, a, b} we conclude
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that nk(H)|qx, a contradiction to the fact, that nk(H) ∈ sn(H) can’t be of
prime power order.

The conclusion of the proposition holds as well provided sn(G) = {1, a, b}.
So this gives in the same way a proof of part b) of the theorem. However
in order to prove b) we give a proof based on M.Hall’s formula for the
behaviour of Sylow numbers under group extensions as it is given in
[Koe13].

Theorem. ([Hal67, Theorem 2.1] Let G be a finite group and M E G. Then

np(G) = np(G/M)np(M)np(NPM(P ∩M)/P ∩M).

The proof of part b) is based on the following

Proposition 2. Let G be a group with sn(G) = {1, a, b}. Let Q be a nor-
mal Sylow q-subgroup of G. Then the Sylow numbers of G/Q either are
sn(G/Q) = {1, a, b}, sn(G/Q) = {a, b}, sn(G/Q) = {1, a} (resp. sn(G/Q) =

{1, b}) or sn(G/Q) = {1}, where a is the q′-part of a respectively b is the
q′-part of b.

Proof of Proposition 2. Let p , q and let P ∈ Sylp(G). Let qk be the highest
power of q with qk

|np(G).
Then

np(G) = np(G/Q)np(Q)np(NPQ(P ∩Q)/(P ∩Q)) = np(G/Q) · np(PQ)

and np(PQ) = qk due to q - np(G/Q). Therefore np(G/Q) ∈ {1, a, b}.

Proof of part b). We use induction on |G|: If |G| = 2, then |G| is solvable.
Consider |G| ≥ 3 and |π(G)| ≥ 3. There exist a normal Sylow q-subgroup
Q of G with nq(G) = 1. Q is as q−group solvable. With Proposition 2
G/Q has 3 or less Sylow numbers. G/Q is solvable for |np(G/Q)| ≤ 2. If
np(G/Q) = {1, a, b}we use the induction hypothesis for G/Q.
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Universität Stuttgart
Fachbereich Mathematik
Pfaffenwaldring 57
70569 Stuttgart
Germany
E-Mail: Iris.koester@Mathematik.uni-Stuttgart.de

mailto:Iris.koester@Mathematik.uni-Stuttgart.de




Erschienene Preprints ab Nummer 2007/2007-001
Komplette Liste: http://www.mathematik.uni-stuttgart.de/preprints
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2013-005 Eck, C.; Kutter, M.; Sändig, A.-M.; Rohde, C.: A Two Scale Model for Liquid Phase
Epitaxy with Elasticity: An Iterative Procedure

2013-004 Griesemer, M.; Wellig, D.: The Strong-Coupling Polaron in Electromagnetic Fields

2013-003 Kabil, B.; Rohde, C.: The Influence of Surface Tension and Configurational Forces
on the Stability of Liquid-Vapor Interfaces

2013-002 Devroye, L.; Ferrario, P.G.; Györfi, L.; Walk, H.: Strong universal consistent estimate
of the minimum mean squared error

2013-001 Kohls, K.; Rösch, A.; Siebert, K.G.: A Posteriori Error Analysis of Optimal Control
Problems with Control Constraints

2012-018 Kimmerle, W.; Konovalov, A.: On the Prime Graph of the Unit Group of Integral
Group Rings of Finite Groups II



2012-017 Stroppel, B.; Stroppel, M.: Desargues, Doily, Dualities, and Exceptional
Isomorphisms

2012-016 Moroianu, A.; Pilca, M.; Semmelmann, U.: Homogeneous almost
quaternion-Hermitian manifolds

2012-015 Steinke, G.F.; Stroppel, M.J.: Simple groups acting two-transitively on the set of
generators of a finite elation Laguerre plane

2012-014 Steinke, G.F.; Stroppel, M.J.: Finite elation Laguerre planes admitting a
two-transitive group on their set of generators

2012-013 Diaz Ramos, J.C.; Dominguez Vázquez, M.; Kollross, A.: Polar actions on complex
hyperbolic spaces

2012-012 Moroianu; A.; Semmelmann, U.: Weakly complex homogeneous spaces

2012-011 Moroianu; A.; Semmelmann, U.: Invariant four-forms and symmetric pairs

2012-010 Hamilton, M.J.D.: The closure of the symplectic cone of elliptic surfaces

2012-009 Hamilton, M.J.D.: Iterated fibre sums of algebraic Lefschetz fibrations

2012-008 Hamilton, M.J.D.: The minimal genus problem for elliptic surfaces

2012-007 Ferrario, P.: Partitioning estimation of local variance based on nearest neighbors
under censoring

2012-006 Stroppel, M.: Buttons, Holes and Loops of String: Lacing the Doily

2012-005 Hantsch, F.: Existence of Minimizers in Restricted Hartree-Fock Theory
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2011-016 Höllig, K.; Hörner, J.: Programming Multigrid Methods with B-Splines

2011-015 Ferrario, P.: Nonparametric Local Averaging Estimation of the Local Variance
Function

2011-014 Müller, S.; Dippon, J.: k-NN Kernel Estimate for Nonparametric Functional
Regression in Time Series Analysis

2011-013 Knarr, N.; Stroppel, M.: Unitals over composition algebras

2011-012 Knarr, N.; Stroppel, M.: Baer involutions and polarities in Moufang planes of
characteristic two

2011-011 Knarr, N.; Stroppel, M.: Polarities and planar collineations of Moufang planes

2011-010 Jentsch, T.; Moroianu, A.; Semmelmann, U.: Extrinsic hyperspheres in manifolds
with special holonomy

2011-009 Wirth, J.: Asymptotic Behaviour of Solutions to Hyperbolic Partial Differential
Equations

2011-008 Stroppel, M.: Orthogonal polar spaces and unitals

2011-007 Nagl, M.: Charakterisierung der Symmetrischen Gruppen durch ihre komplexe
Gruppenalgebra

2011-006 Solanes, G.; Teufel, E.: Horo-tightness and total (absolute) curvatures in hyperbolic
spaces

2011-005 Ginoux, N.; Semmelmann, U.: Imaginary Kählerian Killing spinors I
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