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AN ALTERNATIVE PROOF OF THE H!-STABILITY OF THE
L,-PROJECTION ON GRADED MESHES

FERNANDO D. GASPOZ, CLAUS-JUSTUS HEINE, AND KUNIBERT G. SIEBERT

ABSTRACT. We show that the Lg-orthogonal projections onto the space of
continuous Lagrange finite elements up to order four is H!-stable for adaptive
triangulations in 2d, which are generated by either Newest Vertex Bisection or
Red-Blue-Green Refinement. We prove this by extending the techniques used
in [3] and [4], to to higher polynomial order using properties of the generalized
mesh-size function presented in [8]. We extend this result partially to Red-
Green Refinement.

1. INTRODUCTION

The Lo-projection onto discrete spaces plays an essential role in the analysis of
finite element discretizations. Tantardini and Veeser [14] have shown that the im-
plicit Euler discretization in time of the heat equation leads to a discretely inf-sup
stable bilinear form, provided that the Ls-projection onto the finite element space
for the spacial discretization is H'-stable and that for the semi-discretization in
space the H'-stability is necessary and sufficient for the discrete inf-sup condition.
Heine, Gaspoz and Siebert have developed a variational formulation for Dirich-
let boundary data suitable for optimal control problems with Dirichlet boundary
control.

On uniform grids, H!-stability of the Lg-projection can easily be deduced by
an inverse estimate, using its definition and employing an H'-stable interpolation
operator. This simple proof cannot be transfered to adaptively generated meshes,
where hmax and hmin are in general entirely unrelated. Moreover, the example in [1,
§7] suggests that the Lo-projection is not H!-stable if the local mesh-size changes
too fast.

Since adaptive grids have become an important tool in science and engineering
there has been an increase of interest in proving H'-stability of the Lo-projection
on graded meshes. By now, there are mainly four proofs in higher space dimension.
Crouzeix and Thomée decompose a triangulation in 2d into rings of elements satis-
fying a suitable grading condition to show stability [7]. Bramble, Pasciak, Steinbach
give in any dimension a condition on a disturbed element mass matrix, which is
the basis of the stability proof [3]. This condition reduces for lowest order finite
elements to a grading condition of a regularized mesh-size function; compare with
(6.6) in [3]. Combining both approaches Carstensen was able to prove stability
relying on weaker conditions [4]. In [9] grading estimates are produced for Newest
Vertex Bisection and a proof of H!-stability of the Lo-projection is given for linear
piece-wise elements. The most recent result of Bank and Yserentant in 2d and 3d
assumes a suitable decomposition of the grid induced by the level of elements [1].
This last technique was then used by [8] coupled with a sharp grading estimate to
prove the H'-stability of the Lo-projection on meshes generated by Newest Vertex
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Bisection from an initial mesh Ty satisfying a reflected neighbours condition (see
Assumption 3.1).

Main Theorem. The Ly-orthogonal projection onto the space of continuous La-
grange finite elements is H'-stable up to order four for meshes generated by Newest
Vertex Bisection or Red-Blue-Green Refinement.

This result completes the stability result of [8] for the case p=2 which was still
an open issue.

Throughout the article we use the notation a < b for a < Cb with some generic
constant C' that solely depends on 7y and the polynomial degree p, and write a < b
whenever a < b < a.

2. H'-STABILITY ON SUITABLY GRADED MESHES

We introduce notation related to triangulations and finite element spaces and
then give an easy proof of H!-stability of the Lo-orthogonal projection for trian-
gulations satisfying a suitable grading. The discussion of the feasibility of such
grading is postponed to the next section.

2.1. Triangulation and finite element space. Let ) be a bounded polyhedral
domain in R? for d € N, and let 7 be a conforming, shape-regular and exact
triangulation of Q. We denote by V the set of all vertices of 7. For T' € T we set
V(T)=VNT and for z € V we define T(z) ={T € T | z € T}. We use & for the
set of all edges of 7. Finally, for T' € T we let hy = |T|1/2 ~ diam(T), and denote
by h € Loo(£2) the piecewise constant mesh-size function with hjp = hy, T € T.

We set H5(Q) = {v e H(Q) | v =0 on 6pQ}, where dpQ C 99 is the Dirichlet
boundary. We suppose that T meshes dp{2 exactly, i.e., Ip 2 is the union of bound-
ary sides. For fixed p € N we then consider conforming, piecewise polynomials of
degree p over T, i.e.,

V=V(T.p) = {V € Hh(Q) | Vir € Py, T €T

We denote by II: La(Q2) — V the Ls-orthogonal projection, which is characterized
by
MMy — u, Vg ::/(Huf’u)V:O Yu e Ly(2), V eV.
Q
We shall make use of the Scott-Zhang interpolant Isz: H3(2) — V, which sat-
isfies

Ih= (Iszu = w)llo + [[VIszulle < [Vulle  Yu € Hp(Q). (2.1)

The hidden constant solely depends on the shape regularity coefficient of 7; com-
pare with [12]. We also utilize the Lagrange interpolant I, : C°(Q) N H5(Q) — V,
which is uniquely determined by its nodal values at the Lagrange nodes A of V,
this means, (ILu) = ), u(a)®q, where {®, | a € N} is the Lagrange basis of V
[6].

We stress that V, N, h, I1, Isz, I, , etc. do depend on the underlying triangulation
T,ie, V=VY(T),N=N(T), h =hy, I=Ilr, etc. We omit this dependence in
the notation to increase readability.

2.2. The proof of H!-stability. Assuming a suitable mesh-grading we prove H!-
stability of the Ls-orthogonal projection extending the technique presented in [4]
to polynomial degrees p > 1.

Assumption 2.1. We assume that for 7 and p € N there nodal values {h,}.cy
satisfying the following two conditions:
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(1) There are constants 0 < ¢y < Cp such that

coht < min h, and max h, < Cohr VT eT. (2.2a)
2€V(T) 2eV(T)

ie, H<~hronT.
(2) Let Hy,H_ € V(T, 1) be the piecewise linear functions with nodal values
Hy(z) =h, and H_(z) = h; !, z € V. There is a constant ¢; > 0 such that

z 3

al|V|E < / L(HV)I(H_.V)dV VYT cT. (2.2b)
T

In the remaining of this section we suppose that Assumption 2.1 is valid. In Sec-
tion 3 below we verify this assumption in 2d for a sequence of adaptively generated
grids and moderate polynomial degree p.

Lemma 2.2. For all V € V we have
[ Via < HL(H-V)]|a,
[hIL(H-V)|a < Ve

and
al|V][§ < / L(H V) (H_-V)dV  YTeT.
Q

Proof. The third claim is a direct consequence of (2.2b) in combination with the
additivity of || - |3 and the integral.

To show the first and second claims, it obviously suffices to prove them for a
single simplex T. We observe that V +— hp| I (H_V)||r defines a norm on P,(T).
Consequently, the equivalence of norms on P,(T) in combination with (2.2a) and
scaling arguments yields

Vliz S hrIL(H-V)|lr <[Vl VYV ePy(T).
This finishes the proof. U
We next derive a stability estimate for II in a mesh-dependent norm.
Proposition 2.3 (Improved stability). We have
A Mullg < [[h ullo Yu € Ly(Q).

Proof. For given u € H}(Q) we define V := I, (H'TIu) € V. Comparing the nodal
values reveals I| (HV') = ITu. Using Lemma 2.2 and the definition of IT we therefore
deduce

VIR §/IL(H+V)IL(H_V)dV:/HuIL(H_V) v
Q Q

- / WI(H_V)dV < b~ ullol[RIL(H-V)]la S [Ih " ula]V]a.
Q

where we have used Lemma 2.2 in the last step. Utilizing this lemma once more
we finally arrive at

[h Mulle S [H(H-Tu)|le = Ve < 12 ulle. 0
This brings us in position to prove the main result of this section.

Theorem 2.4 (H!'-stability). Suppose that T and p satisfy Assumption 2.1. Then
the Lo-orthogonal projection 11: H(2) — V(T p) is H'-stable and satisfies

1= (T = w) o + [VIIulla < [Vulle  Vue Hp(9Q).

The hidden constant solely depends on cq, Cy, c1, p, and the shape regularity coef-
ficient of T.



4 F.D. GASPOZ, C.-J. HEINE, AND K. G. SIEBERT

Proof. Let u € H} () be given. We recall the inverse estimate [|[VV o < |71V o
for any V € V. Resorting to the Scott-Zhang interpolant we observe Illszu = Iszu
and set e := Iszu — u. Proposition 2.3 then implies

IV(Tu —u)llo < [[VI(u — Iszu)llo + |V (Iszu — u)||lo
Sk ellg + [|Vellg S 1A ella + [ Vella S [|Vullo,

where we have used (2.1) in the last step. This yields | VIIu|lq < ||Vu|lq. Finally,
Proposition 2.3 and (2.1) conclude the proof by

1= (T = w) o < A~ Teflq + |27 e] < 1A ella < [Vullo- O

3. H'-STABILITY ON ADAPTIVELY GENERATED MESHES

We next verify Assumption 2.1 for any refinement of some given conforming and
exact triangulation 7y of a bounded polygon 2 C R? and moderate polynomial
degree p € N. This in turn implies H!-stability of the Lo-orthogonal projection IT
by Theorem 2.4.

We suppose that 7y meshes the Dirichlet part dp of 99 exactly. We denote
by T the class of all conforming refinements of 7y generated either by the Newest
Vertex Bisection (NVB), compare with [11], [2], [15] or [13] , the Red-Blue-Green
Refinement (RBG), compare with [5], or the Red-Green Refinement (RG), compare
with [8], of 7p. In many cases the initial grid for NVB satisfies the following property.

Assumption 3.1 (Reflected Neighbours Condition for NVB). Suppose T,T" € Ty
are direct neighbors with common edge T NT' = E € &;. Then either F is the
common refinement edge of both T and T”, or E is neither the refinement edge of
T nor of T".

3.1. Regularized mesh-size function. For a given 7 € T we next introduce the
regularized mesh-size function H € V(7, 1). We refer to [8, §3.1] for the detailed
definition. The distance dist(z, z’) € Ny of two vertices z,2' € V = V(T) is the
minimal number of edges needed to connect z and z’. The distance of a vertex
z € V to an element T € T is dist(z,T) := min{dist(z,2’) | 2/ € V(T)}. We let
gen(T) € Ny be the generation of T € T such that h2 = |T| = 27 &T). For a
suitable penalty parameter p € N we then define the nodal values of H by

H(z) = h, = min{2W 3t =D =een@N/2 P e T} vze. (3.1)
We next resort to the following result from [8].

Lemma 3.2 (Mesh grading). For any adaptive grid T € T there exist u € N such
that the regularized mesh-size function defined by (3.1) satisfies for all T € T the

estimates
h. u
2

<=2k, 3.2
z,zI’Ig%})%T) hzl =7 ( a)
cohr < min h, and max h, < Cyhr. (3.2b)
2€V(T) 2eV(T)

The constants 0 < co < Cy solely depend on Ty. In the NVB case with Ty satisfying
Assumption 3.1 we have pu = 2, which yields v = 2. This is the best possible grading
constant. In the NVB case with Tq violating Assumption 3.1 as well as in the RBG
case we have p = 3, which results in v = 23/%.In the RG case we have yu = 4, which
results in v = 4. In any case we find h;% € Ny for all z € V.

Proof. Compare with [8, Theorem 3.1 and §5] for NVB and RG and [5, Propo-
sition 4.1] and [8, Remark 5.5] for RBG. The final claim h;? € Ny is a direct
consequence of the definition (3.1) of H. O
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3.2. Verification of Assumption 2.1. We next verify Assumption 2.1 for the
regularized mesh-size function H introduced above and moderate polynomial degree
p. The estimate (3.2b) of Lemma 3.2 is (2.2a), which is the first part.

We observe that (2.2b) is invariant under any affine transformation. Thus we
can fix any triangle T" and it suffices to show for this selected triangle the estimate

allV]E < / IL(HV)IL(H_V)dV YV eP,, (3.3)
T
where I : CO(T) — P, is the Lagrange interpolant on 7. Moreover, since h; 2 € Ny
we can rescale H in (3.3) such that we can assume
max{h, | h, € T} = 1. (3.4)

We next convert (3.3) into a generalized eigenvalue problem such that the mini-
mal eigenvalue constant Api, is the optimal constant ¢; in (3.3). Let {®q,...Px}
be the Lagrange-Basis of P, attached to the Lagrange grid {ai,...,an} on T. Let
M be the mass matrix

an:/(anDde7 n,m=1,...N,
T

and let A be the disturbed mass matrix

1
Al — 5/ LL(H @) IL(H_®,,) + IL(H @) IL(H_®,)dV, n,m=1,...N.
T

The property ®,,(a,;;) = dpm in combination with the definition of I then readily
yields
1
Al — §(H+(an)H_(am) + H+(am)H_(an)> M,,  nm=1,.N.

Lemma 3.3 (Eigenvalue problem). If the minimal eigenvalue A\min of the general-
ized eigenvalue problem
Ay = \M«x (3.5)

is positive, then (2.2b) is valid with constant ¢ = Amin > 0.

Proof. For V € Py set v := [va], i1 n = [V(an)] =y From V = SN 0B,
we deduce

/ IH V)IL(H_V)dV =v" Ao > Ao Mo = A |V ]|2. O
T
nw=1 =2
mo mi ma mo may mao
0 0 1 0 0 2
0 1 1 0 1 2
0 2 2
w=3 n=4
mo ma mso mo mi ma
0 0 3 0 0 4
0 1 3 0 1 4
0 2 3 0 2 4
0 3 3 0 3 4
0 4 4

TABLE 1. h, € {27/2 |0 < m < p} for different values of .
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n=1 w=2
p )\min p )\min
1 || 0.9171366643508360 1 || 0.6584936490538895
2 1| 0.9516692464539273 2 || 0.8008134821910052
3 || 0.9641852703796995 3 || 0.8523960262167701
4 || 0.9682402611804647 4 11 0.8691079422969096
pw=3 pw=4
p )\min p )\min
1 || 0.1926922946340332 1 || —0.5367785792574971
2 || 0.5291308340629023 2 0.1036606698595243
3 || 0.6510699580030909 3 0.3357821179754649
4 1] 0.6905762763645189 4 0.4109857403360982

TABLE 2. Minimal eigenvalues Ay, of (3.5) for different penalty
parameters p=1,...,4.

The grading condition (3.2a), the property h;2 € Ny, in combination with the
normalization (3.4) implies that H can only attain a finite number of discrete values
at the vertices of T', namely

{(R?1zeV(M}c{2™|m=0,...,u}.

This means, for given polynomial degree p we only have to study the eigenvalue
problem (3.5) for a small number of possible affine function H on T. The possible
nodal values of H are reported in Table 1 for penalty parameters p=1,...,4. For
p=1,...,4 we have determined numerically these minimal eigenvalues. They are
reported in Table 2. We see Apin > 0 for p =1,...,4 if p < 3. For p = 4 we still
have Apin > 0 for p = 2, 3,4 but not for p = 1. We can then present the main result
in the general case.

Theorem 3.4 (H!-stability). Let To be any initial, conforming triangulation of §
that meshes Op§) exactly. Let T be the class of all conforming refinements of To
generated by either NVB or RBG, then the Lo-orthogonal projection is H'-stable for
all T € T and polynomial degrees p < 4. If instead T is the class of all conforming
refinements of To generated by RG then the Ly-orthogonal projection is H'-stable
for all T € T and polynomial degrees p = 2,3, 4.

We see then that in the case of NVB and RBG the missing case p = 2 has been
resolved. Moreover, for RG the stability for p = 2, 3,4 is a completely new result.
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